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Academic Integrity

* You are being evaluated in this course for how much you learn
* Not for someone else’s work
* You may not claim someone else’s work as your own (plagiarism)

* You may use any source you like for your work (with limits on AMATH
483/583 classmates)

* But you must cite your sources

* Penalty for plagiarism is zero score on entire problem set
* Copying something if you say you copied it is not plagiarism
* (Though you may not get full credit, you won’t get the plagiarism zero)

* Fail this class for the 2nd plagiarism



Overview

* Last episode

* class Vector
Member functions
Constructor
Accessor
Operator functions
Overloading

* Tour of computer architecture
* Class Matrix
* Matrix matrix product



C++ Core Guidelines related to classes

e C.1: Organize related data into structures (structs or classes)

e C.3: Represent the distinction between an interface and an
implementation using a class

e C.4: Make a function a member only if it needs direct access to the
representation of a class

e C.10: Prefer concrete types over class hierarchies

e C.11: Make concrete types regular
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Anatomy of a C++ class ,
Hides

definition

Declares
interface

class Vector {
public:

double& operator() (size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

B Public
private: accessors
size_t num_rows_; :
Private : :
std: :vector<double> storage_; — Maintain
}- data = i i
3 Invariants
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Declares — uidac |
interface 17 |Encapsulation

class Vector {

public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

B Public
private: accessors
size_t num_rows_; :
Private : :
std: :vector<double> storage_; — Maintain
}- data — . .
s Invariants
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The Vector class so Far

* Encapsulates vector data

 Member data for dimensions (rows) and for storing elements
 Member function to get number of rows

 Separate interface and implementation via public / private

Also called
* Three more things: function call

 How to bring a Vector into being (“constructors”) /‘ operator
* Function for getting vector data
* Function for setting vector data|

Revisit
operator()

Can create
function objects
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Constructors

* The C++ compiler “knows” about built-in types

* When a variable of a built-in type is declared, the compiler just needs
to allocate space for it

e C++ classes are user-defined

* Compiler can do its best (default constructor), but usually we need to
do more to create a well-defined object

* For example, a well-defined vector should be given its (positive)
dimension when it is created. (And the data initialized.)



Constructors

Built-in type, compiler

Default constructor is
allocates known

| invoked when variable is

- =/42; amount of space /| declared with no arguments
Compiler creates x with
| default constructor In this case, the
eetonr & e constructor that takes
Compiler creates x by an integer argument
Vector x(27)5  ———  making a call to a
specific constructor
std::cout << "x is " << x.num_rows() << " in length." << std::cout;

Crerz]ate d \I/ector X —— Because that is how we
with 27 elements defined the constructor
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Declaring Constructors

#include <vector> A constructor is

defined using the
class Vector { fthe ol
public: name ofT the class

Vector () ;

Vector(size_t M);

And then the arguments

size_ t num_rows() const 1]

private:

Can be overloaded (different
functions distinguished by

argument types)

size_ t num_rows_;

std: :vector<double> storage_;

+;

)
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Where

nave we

already seen
overloading?
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Defining Constructors

! Vector.hpp !

#include <vector>

class Vector {

public:
Vector();
Vector(size_t M);

size t num_rows() const { return num

private:
size_t num_rows_;
std: :vector<double> storage_;

};

! Vector.cpp |_

#include "Vector.hpp"

_» Vector: :Vector(size_t M) {

num_rows_ = M;

storage_ std: :vector<double>(num_rows) ;

+

> Vector: :Vector() {
num_rows_ = 1;
storage_ = std::vector<double>(num_rows_) ;

+
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class Vector {
public:
Vector() A
num_rows_ =
storage_ =
+
Vector(size_t
num_rows_ =
storage_ =

+

private:
size_t

};

1;

std: :vector<double>(num_rows) ;

M)
M;

std: :vector<double> (num_rows) ;

size_t num_rows() const { return num_rows; }

num_rows_;

std: :vector<double> storage_;

Defining Cc NStrUCLONS Mvectorhpp

#include <vector>
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Initialization

* We have said that variables should always be initialized
* Different syntaxes

int a = 42;

int b = int(42); c(42)

int c(42);
y(27)

int d = { 42 };

std: :vector<double> x = std;7vector<double>(27);

std: :vector<double> y(27);
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Defining Constructors Note order of

#include <wvector> —
Initialization syntax

class Vector { iiii;//// Introduce with :

initialization 4| Vector.hpp h

public: Construct data members

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

\. Omit default

size_t num_rows() const { return num_rows_;

constructor
?
private: (why?)
size_t num_rows_;
std: :vector<double> storage_; - Note order of

}: declaration
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Defining Constructors
Vector.hpp

#include <vector>

Initialization Primordial

class Vector { |
public: [ |

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}
size_t num_rows() const { return num_rows_; } //////
Object doesn’t

private: yet exist
size_t num_rows_;

std: :vector<double> storage_;

+;

Object exists
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What Should operator() return?

Return a reference to
internal member data

class Vector
public:
double& operator() (size_t i);

Vector x(5);

double foo = x(3);
x(2) = 0.0;

private:
size_t num_rows_;
std: :vector<double> storage_;

+;

Can assign to internal Can read from internal

data through the data through the
Vector x(5); reference reference
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All Together | Vector h
| .hpp

#include <vector>

class Vector {
public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (size_t i) { return storage_[i]; }
size_t num_rows() const { return num_rows_; }
private:

size_t num_Irows_;
std: :vector<double> storage_;

+;
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Reprise operator+()

#include <vector>

class Vector {
public:
Vector operator+(const Vector& y);

private:
size_t num_rows_;
std: :vector<double> storage_;

+;
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C.4: Make a function a member only if it needs

Reprise OperatO r+() direct access to the representation of a class

VA

#include <vector>

Does this need to
class Vector { be a member?

Data for z

9L EE Why or why not?
Vector operator+(const Vectorw—yr,—
Vector z(num_rows_); <////;E

for (size_t i = 0; i € num_rows_; ++i) {

\

z.storage_[i] = storage_[i] + y.storageli];
+
+
Data for “x” Data fory
private:
size_t num_rows_;

std: :vector<double> storage_;

};
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All Together |

#include <vector> I

Vector.hpp

class Vector {
public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_)

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

{}

Can access via
operator()

Don’t need access
to internals

private:
size_t num_rows_;
std: :vector<double> storage_;
i

#include

Return a Vector

Take args by
const reference

"Vector.hpp"

I\l\/l/\TH A22/0Q2 Cn 29 || f \A/achingfnn Yo Tony iy

/iAmath583.cpp |“

| Vector operator¥#(const Vectof& x, const Vector& y) {

Nicely symmetric




All Together |

#include <vector> I

Vector.hpp

class Vector {
public:
Vector(size_t M)

double& operator()(size_t i) { return storage_[i]; }

: num_rows_(M), storage_(num_rows_) {}

! Amath583.hpp L

#include "Vector.hpp"

Vector operator+(const Vector& x, const Vector& y);

size_t num_rows() const { return num_rows_; }
private:
size_t num_rows_;
std: :vector<double> storage_;
};
#include
#include

Vector

z (1)
+
+

Vector operator+(const Vector& x, const Vector& y) {

for (size t i =
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‘ Amath583.cpp ‘

"Vector.hpp"
"amathb583. hpp"

z(x.num_rows()) ;
0; 1 < z.num_rows(); ++i) {
= x(1) + y(1);




Not quite finished

#include '"Vector.hpp”
int main() {
Vector x(100), y(100), z(100), w(100);

zZ =X +y;

% c++ constness.cpp
return O; constness.cpp:20:12: error: no matching function for call to object of type 'const Vector'

} z(1) = x(1) + y(i);
A

constness.cpp:7:11: note: candidate function not viable: 'this' argument has type
'const Vector', but method is not marked const
double& operator()(size_t i) { return storage_[1i]; }
A

constness.cpp:20:19: error: no matching function for call to object of type 'const Vector'

z(1) = x(1) + y(i);
A

constness.cpp:7:11: note: candidate function not viable: 'this' argument has type
'const Vector', but method is not marked const
double& operator()(size_t i) { return storage_[i]; }
| A
2 errors generated.
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Constness |

#include <vector> I

Vector.hpp

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (size_t i), { return storage_

size_t num_rows() const { feturn num_rows_; }

private:
size_t _TYOowWs_;

};

[i1; 3 x and y are defined A
math583.h
to be const J PP L

#Z o UV WwWWwe Voo uouvvy .’b.tl.tl

Vector operator+(const Vector& x, const Vector& y);

S

“this” is not const

#include "Vector.hpp”
#include "amathb83.hpp" ‘ Amath583cpp

Vector operator+(const Vector& x, const Vector& y) {
Vector z(x.num_rows());
for (size_t i = 0; i < z.num_rows(); ++i) {
z(1) = x(1) + y(i);
+
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Qverloadin Takes a size t

void foo(size t i) {

std: :cout << "foo(size_t i)" << stdi—endl-:

! / Takes a double

void foo(double d) {

std::cout << "foo(double d)" << std::endl;
}

int main() {

size_t a = 0;

double b = 0.0; % ./a.out
foo(size_t 1)

ool foo(double d)

foo(b);

return O;
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Overloading " Returns void

.l m

std: :cout << "void foo(size_t i)" << stdpre=dl.

¥

ébGr#//’/’/,,//””///’/’/’ REturnSfﬂze_i
size_t size_t 1) {

std::cout << "size_t foo(size_t i)" << std::endl; ‘

+

% lc++ overload.cpp

overload.cpp:7:8: error: functions that differ only in their return type cannot be overloaded

size_t foo(size_t i) {

int main() { . o
overload.cpp:3:6: note: previous definition is here

void foo(size_t 1) {
size_t a = 0 ~~~~ A

size_t b = 0; I

foo(a); / Have to pick the
double c = foo(a);

function then call it

return O;
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No overloading on return values

size_ t foo(size t i) {
std::cout << "size t foo(size t 1)" << std::

return i;

}

D

What happens to the
return value is not the
concern of the function

int main() {

size_ t a = 0;

lgnore return value

foo(a);
size_t b

Assign to size_t
ooy

= £
double ¢ = foo(a);

return O; \ Assign to double

AMATH 483/583 Sp 22 U of Washington Xu Tonv Liy
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Constness X is a ref

double parens(double& x, size_t i) {

std::cout << '"called non const parens" << std::endl;
— . Cc++ const3.cpp
double y x5 const3.cpp:27:14: error: no matching function for call to 'parens'

// .. some things double w = parens(z, 27);
A

return y; T . . .
e const3.cpp:13:8: note: candidate function not viable: 1st argument ('const double') would lose const

+ qualifier
double parens(double& x, size_t i) {

A
const3.cpp:29:14: error: no matching function for call to 'parens'
double a = parens(5.0, 27);

P Okay,

int main() {

double x = 5.0; const3.cpp:13:8: note: candidate function not viable: expects an l-value for 1st argument
double parens(double& x, size_t i
double y = parens(x); P C )1

const dowble z - 5.0; | Not okay to reference, z is read only ‘

double w = parens(z);

const3.cpp:32:20: error: no matching function for call to 'parens'

double a = parens(5.0); Acemn
double b const3.cpp:13:8: note: candidate function not viable: expects an l-value for 1st argument

parens(x + _y); ; :
~3L\\\\\\\\\\\\\\~double parens(double& x, size_t i) {
A

const double ¢ = parens(x + y + z + INUL URdy, ATY 1o dilvdiuc |

return O; \\\\\\\\

+ AMATH 483/583I}|1! 9$of9a§inag¥|4 ><u)$c:|n_yYu+Z+ 5 * O IS a rva l ue
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Cconstness

double parens(const double& x, size_t i) {

std::cout << "called const parens" << std::endl;

double y = x;
// .. some things
return y;

+

int main() {

double x = 5.0; / Okay
double y = parens(x); X
const double z = 5.0;/ Okay
double w = parens(z); ;
double a = parens(5.0); Okay
double b = parens(x + y);
const double c = parens(x + y + z + 5.0);
return O; Okay
} AM

IATH 483/583 Sp 22 U of WasH
)

X is a const ref

Assign value of xto y

./a.out

called const parens
called const parens
called const parens
called const parens
called const parens

ington Xu Tony Liu
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Cconstness

X is a const ref

X is a ref

double parens(const double& x, size_t i) {
std: :cout << "called const parens" << std::endl;

double y = x;
// .. some things
return y;

+

int main() {

double parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return y;

}

double x = 5.0; / X is lvalue
double y = parens(x); I

const double z = 5;))/ Z is read Only
double w = parens(Z);

./a.out

called non const parens
called const parens
called const parens

double a = parens(5-0);
double b = parens(x + y);

const double c = parens(x

return O;

c0; | called const parens
-J 1S arvalue called const parens
¥z +5.0); Rvalue can be

X+Vyisa

rvalue — referenced if read
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Why not always pass const reference?

doub
std: :co

// .. some

return X;

things

parens(const double& x, size_t i) {
<< "called const parens" << std::endl;
double y = x;

Return double

int main()
double y
double p

double x

5.0;

parens(x, 27) =

const double z =

parens(z,

27) =

parens(5.0, 27) =
parens(x + y, 27)

return O;

5.0;

II"O

C++ const4.cpp
const4.cpp:23:17:
parens(x, 27)

const4.cpp:26:17:
parens(z, 27)

const4.cpp:28:19:
parens(5.0, 27)

ONIONI NI NI NI NI NI NI NI NI NI NI NI NI N

const4.cpp:29:21.:

AMATH 4B3/583 Sp 22 U of Washington Xu Tony Liu

error.

Ps

error.

Ps

error.

=P,

error:
parens(x + y, 27)

NI NI NI NI NI NI NI NI NI N N N NI NI N N

expression

expression

expression

expression

1s

1s

1s

1s

not assignable

not assignable

not assignable

not assignable
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Before

double parens(const double& x, size_t i) {
std::cout << '"called const parens'" << std::endl;
double y = x;

// .. some things
return Xx;

+
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After

double& parens(const double& x, size_t i) {
std::cout << '"called const parens'" << std::endl;
double y = x;

// .. some things
return Xx;

+
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Why not always pass const reference?

double& parens(const double& x, size_t 1) {1 BUt X iS const
std: :W
double y = x; Return ref to double

// .. some things

return X;———____________________________—____—___——_—
¥ Can’t return const

|
int main() { C++ const5.cpp
const5.cpp:9:10: error: binding value of type 'const double' to reference to type 'double' drops

doubl = 0.5; .o
oub-e ¥ "const' qualifier
double p = 3.14; return x:
A

double x = 5.0;
parens(x, 27) =

const double z = 5.0;
parens(z, 27) =

parens(5.0, 27) =
parens(x + y, 27)

II"O

return O;
} AMATH 4B3/583 Sp 22 U of Washington Xu Tony Liu 33




Before

double& parens(const double& x, size_t i) {
std::cout << '"called const parens'" << std::endl;
double y = x;

// .. some things
return Xx;

+

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu 34



After

const double& parens(const double& x, size_t i) {
std::cout << '"called const parens'" << std::endl;
double y = x;

// .. some things
return Xx;

+
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Why not always pass const reference?

double y = x;
return Xx;

int main() {

double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

parens(z, 27) = p;

parens(x + y, 27)

return O;

// .. some things

parens(5.0, 27) = p;

const double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;

+
—

const double z = 5.0;

b

C++ const5.cpp
const5.cpp:26:17: error: cannot assign to return value because function 'parens' returns
parens(x, 27) = p;

A
const5.cpp:5:7: note: function 'parens' which returns const-qualified type 'const double
here
const double& parens(const double& x, size_t i) {
Arsrsmsrmsrins

const5.cpp:29:17: error: cannot assign to return value because function 'parens' returns
parens(z, 27) = p;

A
const5.cpp:5:7: note: function 'parens' which returns const-qualified type 'const double
here
const double& parens(const double& x, size_t i) {
Arsrsmsrmsrins

const5.cpp:31:19: error: cannot assign to return value because function 'parens' returns
parens(5.0, 27) = p;

A
const5.cpp:5:7: note: function 'parens' which returns const-qualified type 'const double
here
const double& parens(const double& x, size_t i) {
Arsrsmsrsrins

const5.cpp:32:21: error: cannot assign to return value because function 'parens' returns
parens(x + Yy, 27) = p;
A
const5.cpp:5:7: note: function 'parens' which returns const-qualified type 'const double
here
const double& parens(const double& x, size_t i) {

Ao .
AMATH AT3/583 Sp 22 U of Washington Xu Tony Liu

a const value

&' declared

a const value

&' declared

a const value

&' declared

a const value

&' declared
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Before

double& parens(const double& x, size_t i) {
std::cout << '"called const parens'" << std::endl;
double y = x;

// .. some things
return Xx;

+
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After

double& parens(double& x, size_t i) {
std::cout << '"called const parens'" << std::endl;
double y = x;

// .. some things
return Xx;

+
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How about no const at all?

double& parens(double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;

// .. some things c++ const5.cpp
return x; const5.cpp:30:3: error: no matching function for call to 'parens'
1 parens(z, 27) = p;
A

const5.cpp:14:9: note: candidate function not viable: 1lst argument ('const double') would lose const
int main() { qualifier
double y = 0.5; double& E\ar‘ens(double& x, size_t 1) {
double p = 3.14; const5.cpp:32:3: error: no matching function for call to 'parens'
parens(5.0, 27) = p;
double x = 5.0; A . . .
( 27) = p: const5.cpp:14:9: note: candidate function not viable: expects an l-value for 1st argument
parensix, - Py double& parens(double& x, size_t i) {
A

const double z = 5.0; const5.cpp:33:3: error: no matching function for call to 'parens'’
parens(x + vy, 27) = p;
N
const5.cpp:14:9: note: candidate function not viable: expects an 1-value for 1st argument
parens(5.0, 27) = p; double& parens(double& x, size_t i) {
A

parens(x + y, 27) = p;

parens(z, 27) = p;

return O;
} AMATH 4B3/583 Sp 22 U of Washington Xu Tony Liu 39




How about no const at all?

int main()
double y
double p

double x
parens(x,

parens (5.
parens(x +

return O;

This makes sense

This should be an error

This should be an error

This should be an error

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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More se

nsible

int main()
double y
double p

double x
parens (x,

double r
double s

return O;

paréens(x + y, 27);

This makes sense

This makes sense

This makes sense

This makes sense

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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More sensible

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;

double y = x;

C++ const6.cpp

// .. some things const6.cpp:30:14: error: no matching function for call to 'parens'
¥ const6.cpp:14:9: note: candidate function not viable: 1lst argument ('const double') would lose const
- - qualifier
int main() 1 double& parens(double& x, size_t i) {

double y = 0.5; A , ,

_ . const6.cpp:32:14: error: no matching function for call to 'parens'
double P = 3.14; double r = parens(5.0, 27);
N

const6.cpp:14:9: note: candidate function not viable: expects an l-value for 1st argument
double x = 5.0; double& parens(double& x, size_t i) {

arens(x, 27) = p; "

p (x, ) I const6.cpp:33:14: error: no matching function for call to 'parens'
double s = parens(x +y, 27);

const double z = 5.0;

double q = parens(z,

const6.cpp:14:9: note: candidate function not viable: expects an 1l-value for 1st argument

7) ; double& parens(double& x, size_t i) {
A

Oops, need to be const
|

return 0; Goin% in circles?

} AMATH 483/543 Sp 22 U of Washington Xuony Liu 42
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double r = parens(5.0, 27);
double s = parens(x + 27) ;




More sensible

const double& parens(const double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things

return Xx; c++ const6.cpp
} const6.cpp:27:17: error: cannot assign to return value because function 'parens' returns a const value
L parens(x, 27) = p;
int main() { ) . . .
constb.cpp:6:7: note: function 'parens' which returns const-qualified type 'const double &' declared
double y = 0.5 s here
double p = 3.14; const double& parens(const double& x, size_t i) {

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;

double q = parens(z, 27); Oops, need to be non const

double r = parens(5.0, 27); ] ] .
double s = parens(x + y, 27); Going in circles?

return O;
} AMATH 483/583 Sp 22 U of Washifigton Xu Tony Liu 43




Overloading to the rescue

const double& parens(const double& x, size_t] double& parens(double& x, size_t i) {
std™sgout << "called non const parens'" << std:\cout << "calle on const parens'" << std::endl;
double y = X; \Q\\ doublg y = x;
// .. some th% // .. Jome things
UL o const Teturn X; Not const
; = : Not const
INC maing) T ot cons

double y = 0.5; const - Call Not const
double p = 3.14; /

. / ./a.out
parens (x, 27) = p; called non const parens

double x

called const parens
const double z = 5.0; called const parens
double q = parens(z, 27);

called const parens

double r = parens(5.0, 27);
double s = parens(x + y, 27);

return O;
} AMATH 483/583 Sp 22 U of Washington Xu Tony Liu 44




What does this have to do with operator()

const double& parens(const double& x, siz{ double& parens(double& x, size_t i) {
std: :caut << "called nox const parens" std™~cout << "called™mon const parens'" << std::endl;

double y =X; double y
// .. some th?% // ..
return Xx; const return Xx; Not const
+ >~ + o~
const Not const

class Vector ¢
public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (size_t i) { return storage_[il; }

private: Where is the const or non-

size_t num_rows_; hi I0ad 5
std: :vector<double> storage_; const thing to overload on:

+;
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What does this have to do with operator()

const double& parens(const double& x, siz{ double& parens(double& x, size_t i) {

std: :ceut << "called nol const parens" std ~cout << "called™mon const parens'" << std::endl;
double y =X; double y ;
// .. some th?% // .. some th?
return x; const return x; Not const
+ > + .
T
class Vectod CONSt Not const

public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (size_t i) { return storage_[il; }
const double& operator() (size_t i) { return storage_[il; }

privatgi Where is the const or non-
S] | : : Im_Trows_; : 5
<{ Only differing by | = 2™ const thing to overload on:

}; return type
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There is a secret argument

const double& parens(const double& x, siz

std: :caut << "called noy const parens" std ™

out << "called

double& parens(double& x, size_t i) {
on const parens'" << std::endl;

double y =X; double y ;
// .. some th? // .. some th?%
return Xx; const return Xx; Not const
+ >~ + ~
|
.
ass Vected CONSE Not const |

public:
Vector(size t M)

Called “this”
num_rows._ ;

stu: - veccvor~double> storage_;

+;

AMATH 483/583 Sp 22 U of Wash

: num_rows_(M), storage_(num_rows_) {}

double& operator ize_t i) { return storage_[i]; }
const double& ator()(siff:j\.

return storage_[i];

There is a secret
argument

negton Xu Tony Liu

There is a secret
argument
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There is a secret argument

const double& parens(const double& x, siz{ double& parens(double& x, size_t i) {
std: :teut << "called nox const parens" std~cout << "called™mon const parens" << std::endl;
double y =X; double y
// .. some th?i // .. some thi
return x; const return x; Not const
} > } .
— I I
const Not const
class Vector

public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (Vector-xthis, size_t i) { return storage_[il; [}
const double& operator() (Vector *thisy_size_t i) { return storage_[i]; [}

private:
size_t DUm_TOWS_; How would we fix our
std: :vector<double> storage_;
¥ const problem?
AMATH 483/583 Sp 22 U of Washington Xu Tony Liu 48
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Before

class Vector A
public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (Vector *this, size_t i) { return storage_[i];
const double& operator() (Vector *this, size_t i) { return storage_[i];

private:
size_t num_rows_;
std: :vector<double> storage_;

+;
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After

class Vector {
public:
Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator() (Vector *this, size_t i) { return storage_[i]; [}
const double& operator() (const Vector *this, size_t i) { return storagq_ [il; }

private:
size_t num_rows_;
std: :vector<double> storage_;
s

const “this”
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Finally

class Vector {
public:
Vector(size_ t M)

double& operator() (size_t i)

num_rows_(M), storage_(num_rows_) {}

{ return storage_[il; }

const double& operator() (size_t i) const { return storage_[i]; }

private:
size_t

num_rows_;

std: :vector<double> storage_;

+;

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Matrix in Math

* Matrix is an array of numbers, 2 rows by 2 columns E ﬂ

 Add two matrices:C=A+B
1 2 4 3 5 5
[3 4]+[z 1 ‘[5 5]
e Subtract two matrices: C=A-B
[1 2]_ 1 2]=[O 0
3 41 13 4 0 O
* Multiply one matrix by another matrix: C=A x B

* Transpose a matrix: A -> AT

5 ol



Matrix Representation in Computer

* Two issues
* Interface (what is the abstraction we want to
present?) /Matrix AM,K), B(K,N), C(M,N) ;\
* Implementation (how is the abstraction e
realized?) for (int i = 0; 1 < N; ++i)

for (int j = 0; j < N; ++j)
for (int k = 0; k < N; ++k)
C(i,j) += A(i,k) * B(k,jlj

e Sometimes there are tradeoffs
e Evaluate relative to end user
* In HPC — performance is most important \

* Elsewhere — safety, ease of use, standards
compliance, etc

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu 53



Matrix Matrix Product

Notionally
2Dimensional

Use a 2D data
structure

/

C

[

/




Z,I\/Iatrix Representation

Iv| 4

Use a doubly indexed
data structure

]

A matrix is a
doubly indexed set

column

>

C%j==§E:fth%j
k

/qhatrix AM,K), B(K,N), C(M,N);‘\

for (int i = 0; 1 < N; ++i)
for (int j = 0; j < N; ++j)
for (int k = 0; k < N; ++k)

\_ C(i,j) += A(i,k) * B(k,jy

\

Use a doubly
indexed accessor
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[Matrix AM,K), B(K,N), C(M,N);\

Matrix Representation
addrl for (int i = 0; i < N; ++i)
for (int j = 0; j < N; ++j)
. Use a dOUbly for (int k = 0; k < N; ++k)
column | indexed accessor \ C(i,3) += ALK * B(k,])
"/
7 | /
|
row ~N
To create one \
memory address
Memory is a contiguous
address space

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu 56



Use inner pointer to

Matrix Representation
get data element

* To translate double index to single address 7
double **storage_; //EEg£§gE:{i][jf/
/ Lookup inner pointer | | Use inner vector to get

Array of arrays from outer pointer data element

std: :vector<std::vector<double> > storage_; storage_[i][jf///
Lookup inner vector
Vector of vectors
from outer vector

std: :vector<double> storage_; storage_[Ke

Use single vector to
gEt data elem\el'mélt3/5835 22 U of Washington Xu Tony Liu

Need to compute thiss,7




row

Matrix Representation

column

>

addr

Number of columns
= /

T Number of columns

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Matrix Representation

First element

[\

Second element

First element | _ 4, l
C0|U%4 Second element

L L

1/
rOWl

T Number of columns

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu




Matrix Representation

C(O3O) addl’l
CO|U%¢ C(0,1)
L L
a4
rOWl
C(1,0)
—

vC[0]

[\

vC[1]

vC [N]

\.

(Matrix C(M, N);

~\

vector<double> vC(M*N) ;

J

Number of columns (N)

AMATH 483/583 Sp

22 U of Washington Xu Tony Liu
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Matrix Representation Row-Oriented

o addr l
column C(1,3) /
-/
- vCLi*N + j]
row /
/ (Matrix C(M, N); A
vector<double> vC(M*N) ;
| S— k :
| Increment fastest along row

| Number of columns (N)
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Matrix Representation Column-Oriented

o addrl
column C(1,3) /
" =
] \ vC[j*M + il
row /
/ [Matrix cM, N); A
vector<double> vC(M*N) ;
. y,
H—
———| Increment fastest along column

\ Number of rows (M)
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row

Matrix Implem |
Write this Do this

addr l

column C(i,j) c(i,j) vC[i*N + ;]
>/
vC[i*N + j]
/ /
/ (Matrix C(M, N); )
vector<double> vC(M*N) ;
l\ - y
T | Increment fastest along row
| Number of columns (N)
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row

Matrix Implementation

column

C(i,3)

addr

-/

/

S —

Fortran did this transparently

C(i,j) / vC[i*N + jl

vC[i*N + j]

/

(VMatriX C(M, N); )

vector<double> vC(M*N) ;
\_ y,

——— | Increment fastest along row

\:

Number of columns (N)
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Matrix in C++

e Two dimensional accessor €(i,3)

* One dimensional access vC[i*N + j]

e Simultaneously (and safely) need matrix with
* (i,j) two dimensional accessor

Only works for C and vC

* Transparent translation to one dimensional accesV

* Preprocessor? #define C(i,7) vC[i*N+5]

Where does N come from

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Matrix in C++

* Two dimensional accessor C(i,j)
* One dimensional access vC[i*N + j]

e AMatrixneeds to
 Have its “own” vector<double> vC

* Have its “own” N
* Have a doubly indexed accessor



Class Matrix

#include <vector>

class Matrix {
public:
Matrix(size_type M, size_type N)
: num_rows_(M), num_cols_(N), storage_(num_rows_ * num_cols_) {}
Matrix(size_type M, size_type N, double init)
: num_rows_(M), num_cols_(N), storage_(num_rows_ * num_cols_, init) {}

double &operator() (size_type i, size_type j) {
return storage_[i * num_cols_ + jl;

}

const double &operator() (size_type i, size_type j) const {
return storage_[i * num_cols_ + jl;

+

size_type num_rows() const { return num_rows_; }
size_type num_cols() const { return num_cols_; }

private:
size_type num_rows_, num_cols_;

std: :vector<double> storage_;
} ; AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Class Matrix

class Matrix {
public:
Matrix(size_type M, size_type N)
: num_rows_(M), num_cols_(N), storage_(num_rows_ * num_cols_) {}

Matrix(size_type M, size_type N, double init)
: num_rows_(M), num_cols_(N), storage_(num_rows_ * num_cols_, init) {}

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

+;
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Class Matrix

class Matrix {
public:
double &operator() (size_type i, size_type j) {
return storage_[i * num_cols_ + jl;

¥

(U

size_type num_rows() const { return num_rows_;
size_type num_Cols() const { return num_cols_; }

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

+;

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Class Matrix

class Matrix {
public:
double &operator() (size_type i, size_type j) {
return storage_[i * num_cols_ + jl;
+
const double &operator() (size_type i, size_type j) const {
return storage_[i * num_cols_ + jl;

¥

(U

size_type num_rows() const { return num_rows_;
size_type num_Cols() const { return num_cols_; }

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

+;

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Class Matrix

class Matrix {

public:
double &operator() (size_type i, size_type j) {
return storage_[i * num_cols_ + jl;

' How would we write the
other orientation?

¥

const double &operator() (size_type i, sizé_type j) const {

return storage_[i * num_cols_ + jI;

¥ . — What is the orientation?

size_type num_rows() const { return num_rows_ 3} [

size_type num_Cols() const { return num_cols_; } Does it matter which?

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

+;
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Before

class Matrix {
public:
double &operator() (size_type i, size_type j) {
return storage_[i * num_cols_ + jl;
+
const double &operator() (size_type i, size_type j) const {
return storage_[i * num_cols_ + jl;

¥

(U

size_type num_rows() const { return num_rows_;
size_type num_Cols() const { return num_cols_; }

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

+;

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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After

class Matrix {
public:
double &operator() (size_type i, size_type j) {
return storage_[j * num_rows_ + i];
+
const double &operator() (size_type i, size_type j) const {
return storage_[j * num_rows_ + i];

¥

(U

size_type num_rows() const { return num_rows_;
size_type num_Cols() const { return num_cols_; }

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

+;

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Finally

class Matrix {
public:
double &operator() (size_type i, size_type j) {
return storage_[j * num_rows_ + i];
+
const double &operator() (size_type i, size_type j) const {
return storage_[j * num_rows_ + i];

¥

size_type num_rows() const { return num_rows_; }
size_type num_Cols() const { return num_cols_; }

private:
size_type num_rows_, num_cols_;
std: :vector<double> storage_;

};

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Example: Matrix-Matrix Product

* For matricesA ¢ RM*Xand B € RE*Y compute C ¢ RM*¥

C + A xB Defined accordingto Cij = ZAikBkj
k

* Workhorse computational kernel (underlying LINPACMPL)

(Data reuse)

Locality!

* Compute-intensive: O(N3)work with O(N?)data —_

* Basic algorithm in C++

75

—

Maximize
locality

MNatrix AM,K), BK,N), C(M,N)

Every element is
accessed N times

for (int 1 = 0; 1 < N; ++i)
for (int j = 0; j < N; ++j)

|

av

for (int k = 0; k < N; ++k)
C(i,j) += A(i,k) * B(k,j?//

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu




Thank you!

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu
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Example: Matrix-Matrix Product
e For matrices A €R"" 54 Be RKXNcompute C e RYY

’

C+— AxB Defined according to C'Z'j = g AikBkj
k

* Workhorse computational kernel (underlying LINPACK, HPL)
aoute-intensive: O(N3)work with O(N?) data

yorithm in C double xx2A, double x+xB, double x*xC;
for (int 1 = 0; 1 < M; ++1)
for (int jJ = 0; 7 < N; ++73)
for (int k 0; k < K; ++k)
Cli][3] += A[i][k] = B[k]I[J];

AMATH 483/583 Sp 22 U of Washington Xu Tony Liu



Example: Matrix-Matrix Product
* For matrices A ¢ RM*XandB ¢ REXY |, compute C ¢ RMXN

C <« A x B Defined according to Cz'j — Az’kBkj
* C does not have dynamic multidimensional arrays

* Array of pointers to pointers very bad for performance
* Implement mapping of 2D to 1D with “leading dimension” arithmetic

double xA, double *B, double *C;
int 1lda, 1ldb, 1ldc;
for (int 1 = 0; 1 < M; ++1)
for (int 7 = 0; 7 < N; ++73)
for (int k = 0; k < K; ++k)
' + 9] = Ali1xldat+k] % Blkxldb+73];



Example: Matrix-Matrix Product

* For matrices A ¢ R™*®* and B ¢ REXN |, compute C ¢ RM*N

C <+ A x B Defined according to Cz'j — AikBkj

* For notatjonal convenience: Assume

#define A (i, ) A[(1i)+1da+7]

#define B (i, ) B[ (i) *1db+7]

#define C (i, ) C[(1)+1dc+7]

double *A, double *B, double *C;

int 1lda, ldb, 1ldc;

for (int 1 = 0; 1 < M; ++1)

for (int 7 = 0; J < N; ++73)
for (int k = 0; k < K; ++k)

C(i,7J) += A(i,k) = B(k,J);




Example: Matrix-Matrix Product

* For matrices A € RM*K gndB e RE*YN |, compute ¢ ¢ RMxN

C <« A x B Defined according to Cij — AikBkj

* For true notational convenience (assuming rest):

for (int 1 = 0; 1 < M; ++1)
for (int j = 0; J < N; ++7)
for (int k = 0; k < K; ++k)
C(i,J) += A(i,k) = B(k,J);



Example: Base Case

GFLOPs

83

1800

Matrix Matrix Product Performance

1600 |-

1400 |-

1200

1000 |-

800 -

600 |-

400 |-

200 |-

Is this good performance?

16

32 64 128 256 512 1024 2048 4096

Matrix dimension
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Improving Locality

e Consider each step of inner loop

for (int 1 = 0; 1 < M; ++1)
for (int 7 = 0; 7 < N; ++73)
for (int k = k < K; ++k)

0;

C(i,73) += A(i,k) = B(k,J);
e load C (1, J) intoregister
e Load A (i, k) intoregister
* Load B (k, j) into register
* Multiply
* Add
* Store C (i, 3)

 Four memory operations and two floating point operations per iteration
» 1/3 flop per cycle (if each operation is one cycle)



Improving Locality

* Consider each step of inner loop
for (int 1 = 0; 1 < M; ++1)
for (int 7] = 0; 7 < N; ++73) {
double C00 = C (1, J);
for (int k = 0; k < K; ++k)
CO00 += A(i,k) = B(k,J);
C(i,3) = CO0O;
}
« Load A (1, k) into register
 Load B (k, 7J) into register
e Multiply
* Add

 Two memory operations and two floating point operations per iteration
» 1/2 flop per cycle (if each operation is one cycle)



Example: Variable Hoisting

GFLOPs

86
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Matrix Matrix Product Performance
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Improving Locality: Unroll and Jam

* Consider each step of inner loop
for (int 1 = 0; 1 < M; 1 += 2)
for (int j = 0; jJ < N; 73 += 2) {
double C00 = C(1i, 3), CO01l = C(i, J+1);
double C10 = C(i+1,3j), Cll1 = C(i+1, 3+1);
for (int k = 0; k < K; ++k)

CO0 += A(i,k) * B(k,j); COl += A(i,k) * B(k,J+1);
Cl0 += A(i+l,k) » B(k,3); Cll += A(i+l,k) = B(k,J+1);

C(i,7) = C00; C(i,3J+1) = CO01;
Cc(i+l,3) = C10; C(i+1,3+1) = C11;
}
* load A (1, k)and A (1+1, k) into registers — note reuse
* LoadB (k, j )and B (k, j-|— 1) into registers — note reuse
e Multiply (four times)
* Add (four times)
* Four memory operations and eight floating point operations per iteration

» 2/3 flop per cycle (if each operation is one cycle) — 2X the base case



Example: Register Locality

Matrix Matrix Product Performance

6000 T T
naive -g
naive -O
hoisted m—
5000 register blocked e _
4000
3000
2000 \
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Matrix dimension
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