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Collectives
• Collective operations are called by ALL processes in a communicator.
• MPI_BCAST distributes data from one process (the root) to all others in a 

communicator
• MPI_REDUCE combines data from all processes in communicator and returns it 

to one process
• In many numerical algorithms, SEND/RECEIVE can be replaced by 
BCAST/REDUCE, improving both simplicity and efficiency

4



Collectives
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void MPI::Comm::Bcast(void* buffer, int count, const MPI::Datatype& datatype,
int root) const = 0,!
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void MPI::Intracomm::Reduce(const void* sendbuf, void* recvbuf, int count,

const MPI::Datatype& datatype, const MPI::Op& op, int root) const,!
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void MPI::Comm::Allreduce(const void* sendbuf, void* recvbuf, int count, const

MPI::Datatype& datatype, const MPI::Op& op) const=0,!
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void MPI::Comm::Scatter(const void* sendbuf, int sendcount, const MPI::Datatype& sendtype,
void* recvbuf, int recvcount, const MPI::Datatype& recvtype, int root) const,!
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void MPI::Comm::Gather(const void* sendbuf, int sendcount, const MPI::Datatype& sendtype,
void* recvbuf, int recvcount, const MPI::Datatype& recvtype, int root, const = 0,!
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void MPI::Comm::Allgather(const void* sendbuf, int sendcount, const MPI::Datatype& sendtype,
void* recvbuf, int recvcount, const MPI::Datatype& recvtype) const = 0,!
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void MPI::Comm::Alltoall(const void* sendbuf, int sendcount, const MPI::Datatype& sendtype,
void* recvbuf, int recvcount, const MPI::Datatype& recvtype),!
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Laplace’s Equation on a Regular Grid
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Discretization
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Jacobi Iteration
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Iteration k
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Jacobi Iteration
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Jacobi Iteration
1

h2

2

66666666664

4 �1 · · · �1

�1
. . .

. . .
. . .

. . .
...

. . .
. . .

. . .
. . . �1

�1
. . .

. . .
. . .

. . .
...

. . .
. . .

. . .
. . . �1

�1 · · · �1 4

3

77777777775

2

6666666664

x0

x1

x2
...

3

7777777775

=

2

6666666664

b0
b1
b2
...

3

7777777775

A
<latexit sha1_base64="WrpkEuD9VgQmLcBrdVJHIj0ckfQ="></latexit><latexit sha1_base64="YvAJlojutMRNAzq2cTNbNGIeShk="></latexit><latexit sha1_base64="YvAJlojutMRNAzq2cTNbNGIeShk="></latexit><latexit sha1_base64="yWSIV0VFNVoXf1i+oA6ZzuONkCc="></latexit>

M
<latexit sha1_base64="lT2Wr8zV04yKDijBwLCZfOdfygw="></latexit><latexit sha1_base64="r9/zzniO/JSbqn7Sn1Tw+BzgFL8="></latexit><latexit sha1_base64="r9/zzniO/JSbqn7Sn1Tw+BzgFL8="></latexit><latexit sha1_base64="3NU9HTFhPBhZWJ3Z6afPqOCGNRM="></latexit>

4xi,j � (xi�1,j + xi+1,j + xi,j�1 + xi,j+1) = 0
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<latexit sha1_base64="jNZwCq+DggIUWDLO5lRuJGG/v6E=">AAACB3icbZC7SgNBFIbPGi9xvUUtbQaDYGPYtdFCIWJjo0QwF0mWMDuZTYbMzi4zs0JY8gDWtvoMdmKppY/gI/gWziYpTOIPAz//OYdz5vNjzpR2nG9rIbe4tLySX7XX1jc2twrbOzUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+/3LrF5/oFKxSNzpQUy9EHcFCxjB2kT3F+gcXaMjdNMuFJ2SMxKaN+7EFMu5r9oHAFTahZ9WJyJJSIUmHCvVdJ1YeymWmhFOh3YrUTTGpI+7tGmswCFVXjo6eIgOTNJBQSTNExqN0r8TKQ6VGoS+6Qyx7qnZWhb+W8uIMdFVQ3v6AB2ceikTcaKpIOP9QcKRjlAGBXWYpETzgTGYSGa+gEgPS0y0QWcbNu4siXlTOy65xt8aSGcwVh72YB8OwYUTKMMVVKAKBEJ4gmd4sR6tV+vNeh+3LliTmV2YkvX5C233mio=</latexit><latexit sha1_base64="Y54DoulQSbszzys4EeW9VvvmrF4=">AAACB3icbZDLSgMxFIYzrZc63qou3QSL4MYy40YXChUR3CgV7EXaoWTSTBuaZIYkI5ShD+DarT6DO3GpS19A8BF8APdm2i5s6w+Bn/+cwzn5/IhRpR3ny8pk5+YXFnNL9vLK6tp6fmOzqsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfO0vrtTsiFQ3Fje5HxOOoI2hAMdImuj2FJ/AS7sOrVr7gFJ2h4Kxxx6ZQyn5U3z5/zsut/HezHeKYE6ExQ0o1XCfSXoKkppiRgd2MFYkQ7qEOaRgrECfKS4YHD+CuSdowCKV5QsNh+nciQVypPvdNJ0e6q6ZrafhvLSVGRUcN7MkDdHDkJVREsSYCj/YHMYM6hCkU2KaSYM36xiAsqfkCxF0kEdYGnW3YuNMkZk31oOgaf20gHYORcmAb7IA94IJDUAIXoAwqAAMOHsAjeLLurWfrxXodtWas8cwWmJD1/gtfhZw6</latexit><latexit sha1_base64="Y54DoulQSbszzys4EeW9VvvmrF4=">AAACB3icbZDLSgMxFIYzrZc63qou3QSL4MYy40YXChUR3CgV7EXaoWTSTBuaZIYkI5ShD+DarT6DO3GpS19A8BF8APdm2i5s6w+Bn/+cwzn5/IhRpR3ny8pk5+YXFnNL9vLK6tp6fmOzqsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfO0vrtTsiFQ3Fje5HxOOoI2hAMdImuj2FJ/AS7sOrVr7gFJ2h4Kxxx6ZQyn5U3z5/zsut/HezHeKYE6ExQ0o1XCfSXoKkppiRgd2MFYkQ7qEOaRgrECfKS4YHD+CuSdowCKV5QsNh+nciQVypPvdNJ0e6q6ZrafhvLSVGRUcN7MkDdHDkJVREsSYCj/YHMYM6hCkU2KaSYM36xiAsqfkCxF0kEdYGnW3YuNMkZk31oOgaf20gHYORcmAb7IA94IJDUAIXoAwqAAMOHsAjeLLurWfrxXodtWas8cwWmJD1/gtfhZw6</latexit><latexit sha1_base64="X8cboKPVUBnj6chYfQ4OC3xqQqo=">AAACB3icbZDLSsNAFIZP6q3GW9Wlm8EiuLEkbnShUHHjRqlgL9KGMplO2qGTSZiZCCX0AVy71WdwJ259DB/Bt3DSZmFbfxj4+c85nDOfH3OmtON8W4Wl5ZXVteK6vbG5tb1T2t1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXmf15hOVikXiQY9i6oW4L1jACNYmerxCl+gWnaC7bqnsVJyJ0KJxc1OGXLVu6afTi0gSUqEJx0q1XSfWXoqlZoTTsd1JFI0xGeI+bRsrcEiVl04OHqMjk/RQEEnzhEaT9O9EikOlRqFvOkOsB2q+loX/1jJiTPTV2J49QAfnXspEnGgqyHR/kHCkI5RBQT0mKdF8ZAwmkpkvIDLAEhNt0NmGjTtPYtE0Tiuu8fdOuXqRUyrCARzCMbhwBlW4gRrUgUAIL/AKb9az9W59WJ/T1oKVz+zDjKyvX1wbmAg=</latexit>

Ax = b
<latexit sha1_base64="1DWMMgTkRp3YWxXCLlvEIavASTA=">AAACBHicbZC7SgNBFIbPxltcb1FLm8EgWIVdGy0UIzaWEcwFkiXMTmaTMbOzy8ysGJaUWtvqM9iJreBj+AjiSzibpDCJPwx8/OcczpnfjzlT2nG+rNzC4tLySn7VXlvf2NwqbO/UVJRIQqsk4pFs+FhRzgStaqY5bcSS4tDntO73L7N6/Y5KxSJxowcx9ULcFSxgBGtj1S7u0Rny24WiU3JGQvPgTqB4/vnzgACg0i58tzoRSUIqNOFYqabrxNpLsdSMcDq0W4miMSZ93KVNgwKHVHnp6NohOjBOBwWRNE9oNHL/TqQ4VGoQ+qYzxLqnZmuZ+W8ti4uJrhra0wfo4MRLmYgTTQUZ7w8SjnSEskRQh0lKNB8YwEQy8wVEelhiok1utsnGnU1iHmpHJdfwtVMsn8JYediDfTgEF46hDFdQgSoQuIUneIYX69F6td6s93FrzprM7MKUrI9fUn6aTA==</latexit><latexit sha1_base64="03qVktrYEStJgL2cc3MGgwyYjMk=">AAACBHicbZDLSgMxFIbP1Fsdb1WXggSL4KrMuNGFYsWNyxbsBdpSMmnaxmYyQ5IRy9Clrt3qM7gTwZXgY/gIog9hpu3Ctv4Q+PjPOZyT3ws5U9pxPq3U3PzC4lJ62V5ZXVvfyGxulVUQSUJLJOCBrHpYUc4ELWmmOa2GkmLf47Ti9S6SeuWGSsUCcaX7IW34uCNYmxGsjVU+v0WnyGtmsk7OGQrNgjuG7NnH993uW/Gn0Mx81VsBiXwqNOFYqZrrhLoRY6kZ4XRg1yNFQ0x6uENrBgX2qWrEw2sHaN84LdQOpHlCo6H7dyLGvlJ93zOdPtZdNV1LzH9rSVxMdNTAnjxAt48bMRNhpKkgo/3tiCMdoCQR1GKSEs37BjCRzHwBkS6WmGiTm22ycaeTmIXyYc41XHSy+RMYKQ07sAcH4MIR5OESClACAtfwAI/wZN1bz9aL9TpqTVnjmW2YkPX+CxnqnD8=</latexit><latexit sha1_base64="03qVktrYEStJgL2cc3MGgwyYjMk=">AAACBHicbZDLSgMxFIbP1Fsdb1WXggSL4KrMuNGFYsWNyxbsBdpSMmnaxmYyQ5IRy9Clrt3qM7gTwZXgY/gIog9hpu3Ctv4Q+PjPOZyT3ws5U9pxPq3U3PzC4lJ62V5ZXVvfyGxulVUQSUJLJOCBrHpYUc4ELWmmOa2GkmLf47Ti9S6SeuWGSsUCcaX7IW34uCNYmxGsjVU+v0WnyGtmsk7OGQrNgjuG7NnH993uW/Gn0Mx81VsBiXwqNOFYqZrrhLoRY6kZ4XRg1yNFQ0x6uENrBgX2qWrEw2sHaN84LdQOpHlCo6H7dyLGvlJ93zOdPtZdNV1LzH9rSVxMdNTAnjxAt48bMRNhpKkgo/3tiCMdoCQR1GKSEs37BjCRzHwBkS6WmGiTm22ycaeTmIXyYc41XHSy+RMYKQ07sAcH4MIR5OESClACAtfwAI/wZN1bz9aL9TpqTVnjmW2YkPX+CxnqnD8=</latexit><latexit sha1_base64="8iXmvM1XQEhBoKz4/SI8URRXMmc=">AAACBHicbZC9TsMwFIVvyl8JfwVGFosKialKWGAAqYiFsUikrdRGleM6ranjRLaDqKKuzKzwDGyIlffgEXgLnDYDbTmSpaNz79W9/oKEM6Ud59sqrayurW+UN+2t7Z3dvcr+QVPFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLrJ661HKhWLxb0eJ9SP8ECwkBGsTdS8fkJXKOhVqk7NmQotG7cwVSjU6FV+uv2YpBEVmnCsVMd1Eu1nWGpGOJ3Y3VTRBJMRHtCOsQJHVPnZ9NoJOjFJH4WxNE9oNE3/TmQ4UmocBaYzwnqoFmt5+G8tx8XEQE3s+QN0eOFnTCSppoLM9ocpRzpGORHUZ5ISzcfGYCKZ+QIiQywx0Yabbdi4iySWTfOs5hp/51TrlwWlMhzBMZyCC+dQh1togAcEHuAFXuHNerberQ/rc9ZasoqZQ5iT9fULoDiXvA==</latexit>
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Jacobi Iteration
1

h2

2

66666666664

4 �1 · · · �1

�1
. . .

. . .
. . .

. . .
...

. . .
. . .

. . .
. . . �1

�1
. . .

. . .
. . .

. . .
...

. . .
. . .

. . .
. . . �1

�1 · · · �1 4

3

77777777775

2

6666666664

x0

x1

x2
...

3

7777777775

=

2

6666666664

b0
b1
b2
...

3

7777777775

A
<latexit sha1_base64="WrpkEuD9VgQmLcBrdVJHIj0ckfQ="></latexit><latexit sha1_base64="YvAJlojutMRNAzq2cTNbNGIeShk="></latexit><latexit sha1_base64="YvAJlojutMRNAzq2cTNbNGIeShk="></latexit><latexit sha1_base64="yWSIV0VFNVoXf1i+oA6ZzuONkCc="></latexit>

4xi,j � (xi�1,j + xi+1,j + xi,j�1 + xi,j+1) = 0
<latexit sha1_base64="7oegeKqj4Oz1xTNsIdpczF7jwj0=">AAACQXicbZDLSgMxFIYz9VbH26hLN8EiVHphRgq6UKi4cVnBXqAtJZOmbdpMZkgyYhn6PD6Ia7eKj9CduHVjpi3Yiz8EPv5zDifndwNGpbLtTyOxtr6xuZXcNnd29/YPrMOjivRDgUkZ+8wXNRdJwignZUUVI7VAEOS5jFTdwV1crz4RIanPH9UwIE0PdTntUIyUtlrWLSzA51ZEs/1RDqZjyjmaYcaMOTPH2X7O+eOM5nMIb6 DdslJ23p4IroIzgxSYqdSyxo22j0OPcIUZkrLu2IFqRkgoihkZmY1QkgDhAeqSukaOPCKb0eTUETzTTht2fKEfV3Dizk9EyJNy6Lm600OqJ5drsflvLc6a8q4cmYsfUJ2rZkR5ECrC8XR/J2RQ+TCOE7apIFixoQaEBdUnQNxDAmGlQzd1Ns5yEqtQucg7mh8KqeL1LKUkOAGnIA0ccAmK4B6UQBlg8ALewDv4MF6NsfFlfE9bE8Zs5hgsyPj5BTgbqx8=</latexit><latexit sha1_base64="7oegeKqj4Oz1xTNsIdpczF7jwj0=">AAACQXicbZDLSgMxFIYz9VbH26hLN8EiVHphRgq6UKi4cVnBXqAtJZOmbdpMZkgyYhn6PD6Ia7eKj9CduHVjpi3Yiz8EPv5zDifndwNGpbLtTyOxtr6xuZXcNnd29/YPrMOjivRDgUkZ+8wXNRdJwignZUUVI7VAEOS5jFTdwV1crz4RIanPH9UwIE0PdTntUIyUtlrWLSzA51ZEs/1RDqZjyjmaYcaMOTPH2X7O+eOM5nMIb6 DdslJ23p4IroIzgxSYqdSyxo22j0OPcIUZkrLu2IFqRkgoihkZmY1QkgDhAeqSukaOPCKb0eTUETzTTht2fKEfV3Dizk9EyJNy6Lm600OqJ5drsflvLc6a8q4cmYsfUJ2rZkR5ECrC8XR/J2RQ+TCOE7apIFixoQaEBdUnQNxDAmGlQzd1Ns5yEqtQucg7mh8KqeL1LKUkOAGnIA0ccAmK4B6UQBlg8ALewDv4MF6NsfFlfE9bE8Zs5hgsyPj5BTgbqx8=</latexit><latexit sha1_base64="7oegeKqj4Oz1xTNsIdpczF7jwj0=">AAACQXicbZDLSgMxFIYz9VbH26hLN8EiVHphRgq6UKi4cVnBXqAtJZOmbdpMZkgyYhn6PD6Ia7eKj9CduHVjpi3Yiz8EPv5zDifndwNGpbLtTyOxtr6xuZXcNnd29/YPrMOjivRDgUkZ+8wXNRdJwignZUUVI7VAEOS5jFTdwV1crz4RIanPH9UwIE0PdTntUIyUtlrWLSzA51ZEs/1RDqZjyjmaYcaMOTPH2X7O+eOM5nMIb6 DdslJ23p4IroIzgxSYqdSyxo22j0OPcIUZkrLu2IFqRkgoihkZmY1QkgDhAeqSukaOPCKb0eTUETzTTht2fKEfV3Dizk9EyJNy6Lm600OqJ5drsflvLc6a8q4cmYsfUJ2rZkR5ECrC8XR/J2RQ+TCOE7apIFixoQaEBdUnQNxDAmGlQzd1Ns5yEqtQucg7mh8KqeL1LKUkOAGnIA0ccAmK4B6UQBlg8ALewDv4MF6NsfFlfE9bE8Zs5hgsyPj5BTgbqx8=</latexit><latexit sha1_base64="7oegeKqj4Oz1xTNsIdpczF7jwj0=">AAACQXicbZDLSgMxFIYz9VbH26hLN8EiVHphRgq6UKi4cVnBXqAtJZOmbdpMZkgyYhn6PD6Ia7eKj9CduHVjpi3Yiz8EPv5zDifndwNGpbLtTyOxtr6xuZXcNnd29/YPrMOjivRDgUkZ+8wXNRdJwignZUUVI7VAEOS5jFTdwV1crz4RIanPH9UwIE0PdTntUIyUtlrWLSzA51ZEs/1RDqZjyjmaYcaMOTPH2X7O+eOM5nMIb6 DdslJ23p4IroIzgxSYqdSyxo22j0OPcIUZkrLu2IFqRkgoihkZmY1QkgDhAeqSukaOPCKb0eTUETzTTht2fKEfV3Dizk9EyJNy6Lm600OqJ5drsflvLc6a8q4cmYsfUJ2rZkR5ECrC8XR/J2RQ+TCOE7apIFixoQaEBdUnQNxDAmGlQzd1Ns5yEqtQucg7mh8KqeL1LKUkOAGnIA0ccAmK4B6UQBlg8ALewDv4MF6NsfFlfE9bE8Zs5hgsyPj5BTgbqx8=</latexit>

4xk+1
i,j � (xk

i�1,j + xk
i+1,j + xk

i,j�1 + xk
i,j+1) = 0

<latexit sha1_base64="swdDdQc2Z/NO8CfZRwvhQW8BRGc=">AAACWHicbVFNS8MwGH5Xv+tXnUcvwSEo26SVgR4UBl48KjgdbHOkWbZlS9OSpOIo/Wv+Dz178aC/wXTrwU1fCDwf70uS5/UjzpR23beCtbS8srq2vmFvbm3v7Dp7xQcVxpLQBgl5KJs+VpQzQRuaaU6bkaQ48Dl99MfXmf/4TKViobjXk4h2AjwQrM8I1kbqOs0aeukmrDJKn5Jx2UtRFR1nQtWbSSkq2xkvL/DKqOrN83LOTx BCV8jtOiX31J0W+gu8HJQgr9uu89nuhSQOqNCEY6VanhvpToKlZoTT1G7HikaYjPGAtgwUOKCqk0wTSNGRUXqoH0pzhEZT9fdEggOlJoFvOgOsh2rRy8R/vWwFTAxUas8/QPcvOgkTUaypILP7+zFHOkRZyqjHJCWaTwzARDLzBUSGWGKizS5sk423mMRf8HB26hl8VyvVL/OU1uEADuEYPDiHOtzALTSAwCt8wBd8F94tsNasjVmrVchn9mGurOIPgVyxSg==</latexit><latexit sha1_base64="swdDdQc2Z/NO8CfZRwvhQW8BRGc=">AAACWHicbVFNS8MwGH5Xv+tXnUcvwSEo26SVgR4UBl48KjgdbHOkWbZlS9OSpOIo/Wv+Dz178aC/wXTrwU1fCDwf70uS5/UjzpR23beCtbS8srq2vmFvbm3v7Dp7xQcVxpLQBgl5KJs+VpQzQRuaaU6bkaQ48Dl99MfXmf/4TKViobjXk4h2AjwQrM8I1kbqOs0aeukmrDJKn5Jx2UtRFR1nQtWbSSkq2xkvL/DKqOrN83LOTx BCV8jtOiX31J0W+gu8HJQgr9uu89nuhSQOqNCEY6VanhvpToKlZoTT1G7HikaYjPGAtgwUOKCqk0wTSNGRUXqoH0pzhEZT9fdEggOlJoFvOgOsh2rRy8R/vWwFTAxUas8/QPcvOgkTUaypILP7+zFHOkRZyqjHJCWaTwzARDLzBUSGWGKizS5sk423mMRf8HB26hl8VyvVL/OU1uEADuEYPDiHOtzALTSAwCt8wBd8F94tsNasjVmrVchn9mGurOIPgVyxSg==</latexit><latexit sha1_base64="swdDdQc2Z/NO8CfZRwvhQW8BRGc=">AAACWHicbVFNS8MwGH5Xv+tXnUcvwSEo26SVgR4UBl48KjgdbHOkWbZlS9OSpOIo/Wv+Dz178aC/wXTrwU1fCDwf70uS5/UjzpR23beCtbS8srq2vmFvbm3v7Dp7xQcVxpLQBgl5KJs+VpQzQRuaaU6bkaQ48Dl99MfXmf/4TKViobjXk4h2AjwQrM8I1kbqOs0aeukmrDJKn5Jx2UtRFR1nQtWbSSkq2xkvL/DKqOrN83LOTx BCV8jtOiX31J0W+gu8HJQgr9uu89nuhSQOqNCEY6VanhvpToKlZoTT1G7HikaYjPGAtgwUOKCqk0wTSNGRUXqoH0pzhEZT9fdEggOlJoFvOgOsh2rRy8R/vWwFTAxUas8/QPcvOgkTUaypILP7+zFHOkRZyqjHJCWaTwzARDLzBUSGWGKizS5sk423mMRf8HB26hl8VyvVL/OU1uEADuEYPDiHOtzALTSAwCt8wBd8F94tsNasjVmrVchn9mGurOIPgVyxSg==</latexit><latexit sha1_base64="swdDdQc2Z/NO8CfZRwvhQW8BRGc=">AAACWHicbVFNS8MwGH5Xv+tXnUcvwSEo26SVgR4UBl48KjgdbHOkWbZlS9OSpOIo/Wv+Dz178aC/wXTrwU1fCDwf70uS5/UjzpR23beCtbS8srq2vmFvbm3v7Dp7xQcVxpLQBgl5KJs+VpQzQRuaaU6bkaQ48Dl99MfXmf/4TKViobjXk4h2AjwQrM8I1kbqOs0aeukmrDJKn5Jx2UtRFR1nQtWbSSkq2xkvL/DKqOrN83LOTx BCV8jtOiX31J0W+gu8HJQgr9uu89nuhSQOqNCEY6VanhvpToKlZoTT1G7HikaYjPGAtgwUOKCqk0wTSNGRUXqoH0pzhEZT9fdEggOlJoFvOgOsh2rRy8R/vWwFTAxUas8/QPcvOgkTUaypILP7+zFHOkRZyqjHJCWaTwzARDLzBUSGWGKizS5sk423mMRf8HB26hl8VyvVL/OU1uEADuEYPDiHOtzALTSAwCt8wBd8F94tsNasjVmrVchn9mGurOIPgVyxSg==</latexit> A = M �N
<latexit sha1_base64="jNZwCq+DggIUWDLO5lRuJGG/v6E=">AAACB3icbZC7SgNBFIbPGi9xvUUtbQaDYGPYtdFCIWJjo0QwF0mWMDuZTYbMzi4zs0JY8gDWtvoMdmKppY/gI/gWziYpTOIPAz//OYdz5vNjzpR2nG9rIbe4tLySX7XX1jc2twrbOzUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+/3LrF5/oFKxSNzpQUy9EHcFCxjB2kT3F+gcXaMjdNMuFJ2SMxKaN+7EFMu5r9oHAFTahZ9WJyJJSIUmHCvVdJ1YeymWmhFOh3YrUTTGpI+7tGmswCFVXjo6eIgOTNJBQSTNExqN0r8TKQ6VGoS+6Qyx7qnZWhb+W8uIMdFVQ3v6AB2ceikTcaKpIOP9QcKRjlAGBXWYpETzgTGYSGa+gEgPS0y0QWcbNu4siXlTOy65xt8aSGcwVh72YB8OwYUTKMMVVKAKBEJ4gmd4sR6tV+vNeh+3LliTmV2YkvX5C233mio=</latexit><latexit sha1_base64="Y54DoulQSbszzys4EeW9VvvmrF4=">AAACB3icbZDLSgMxFIYzrZc63qou3QSL4MYy40YXChUR3CgV7EXaoWTSTBuaZIYkI5ShD+DarT6DO3GpS19A8BF8APdm2i5s6w+Bn/+cwzn5/IhRpR3ny8pk5+YXFnNL9vLK6tp6fmOzqsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfO0vrtTsiFQ3Fje5HxOOoI2hAMdImuj2FJ/AS7sOrVr7gFJ2h4Kxxx6ZQyn5U3z5/zsut/HezHeKYE6ExQ0o1XCfSXoKkppiRgd2MFYkQ7qEOaRgrECfKS4YHD+CuSdowCKV5QsNh+nciQVypPvdNJ0e6q6ZrafhvLSVGRUcN7MkDdHDkJVREsSYCj/YHMYM6hCkU2KaSYM36xiAsqfkCxF0kEdYGnW3YuNMkZk31oOgaf20gHYORcmAb7IA94IJDUAIXoAwqAAMOHsAjeLLurWfrxXodtWas8cwWmJD1/gtfhZw6</latexit><latexit sha1_base64="Y54DoulQSbszzys4EeW9VvvmrF4=">AAACB3icbZDLSgMxFIYzrZc63qou3QSL4MYy40YXChUR3CgV7EXaoWTSTBuaZIYkI5ShD+DarT6DO3GpS19A8BF8APdm2i5s6w+Bn/+cwzn5/IhRpR3ny8pk5+YXFnNL9vLK6tp6fmOzqsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfO0vrtTsiFQ3Fje5HxOOoI2hAMdImuj2FJ/AS7sOrVr7gFJ2h4Kxxx6ZQyn5U3z5/zsut/HezHeKYE6ExQ0o1XCfSXoKkppiRgd2MFYkQ7qEOaRgrECfKS4YHD+CuSdowCKV5QsNh+nciQVypPvdNJ0e6q6ZrafhvLSVGRUcN7MkDdHDkJVREsSYCj/YHMYM6hCkU2KaSYM36xiAsqfkCxF0kEdYGnW3YuNMkZk31oOgaf20gHYORcmAb7IA94IJDUAIXoAwqAAMOHsAjeLLurWfrxXodtWas8cwWmJD1/gtfhZw6</latexit><latexit sha1_base64="X8cboKPVUBnj6chYfQ4OC3xqQqo=">AAACB3icbZDLSsNAFIZP6q3GW9Wlm8EiuLEkbnShUHHjRqlgL9KGMplO2qGTSZiZCCX0AVy71WdwJ259DB/Bt3DSZmFbfxj4+c85nDOfH3OmtON8W4Wl5ZXVteK6vbG5tb1T2t1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXmf15hOVikXiQY9i6oW4L1jACNYmerxCl+gWnaC7bqnsVJyJ0KJxc1OGXLVu6afTi0gSUqEJx0q1XSfWXoqlZoTTsd1JFI0xGeI+bRsrcEiVl04OHqMjk/RQEEnzhEaT9O9EikOlRqFvOkOsB2q+loX/1jJiTPTV2J49QAfnXspEnGgqyHR/kHCkI5RBQT0mKdF8ZAwmkpkvIDLAEhNt0NmGjTtPYtE0Tiuu8fdOuXqRUyrCARzCMbhwBlW4gRrUgUAIL/AKb9az9W59WJ/T1oKVz+zDjKyvX1wbmAg=</latexit>

Ax = b
<latexit sha1_base64="1DWMMgTkRp3YWxXCLlvEIavASTA=">AAACBHicbZC7SgNBFIbPxltcb1FLm8EgWIVdGy0UIzaWEcwFkiXMTmaTMbOzy8ysGJaUWtvqM9iJreBj+AjiSzibpDCJPwx8/OcczpnfjzlT2nG+rNzC4tLySn7VXlvf2NwqbO/UVJRIQqsk4pFs+FhRzgStaqY5bcSS4tDntO73L7N6/Y5KxSJxowcx9ULcFSxgBGtj1S7u0Rny24WiU3JGQvPgTqB4/vnzgACg0i58tzoRSUIqNOFYqabrxNpLsdSMcDq0W4miMSZ93KVNgwKHVHnp6NohOjBOBwWRNE9oNHL/TqQ4VGoQ+qYzxLqnZmuZ+W8ti4uJrhra0wfo4MRLmYgTTQUZ7w8SjnSEskRQh0lKNB8YwEQy8wVEelhiok1utsnGnU1iHmpHJdfwtVMsn8JYediDfTgEF46hDFdQgSoQuIUneIYX69F6td6s93FrzprM7MKUrI9fUn6aTA==</latexit><latexit sha1_base64="03qVktrYEStJgL2cc3MGgwyYjMk=">AAACBHicbZDLSgMxFIbP1Fsdb1WXggSL4KrMuNGFYsWNyxbsBdpSMmnaxmYyQ5IRy9Clrt3qM7gTwZXgY/gIog9hpu3Ctv4Q+PjPOZyT3ws5U9pxPq3U3PzC4lJ62V5ZXVvfyGxulVUQSUJLJOCBrHpYUc4ELWmmOa2GkmLf47Ti9S6SeuWGSsUCcaX7IW34uCNYmxGsjVU+v0WnyGtmsk7OGQrNgjuG7NnH993uW/Gn0Mx81VsBiXwqNOFYqZrrhLoRY6kZ4XRg1yNFQ0x6uENrBgX2qWrEw2sHaN84LdQOpHlCo6H7dyLGvlJ93zOdPtZdNV1LzH9rSVxMdNTAnjxAt48bMRNhpKkgo/3tiCMdoCQR1GKSEs37BjCRzHwBkS6WmGiTm22ycaeTmIXyYc41XHSy+RMYKQ07sAcH4MIR5OESClACAtfwAI/wZN1bz9aL9TpqTVnjmW2YkPX+CxnqnD8=</latexit><latexit sha1_base64="03qVktrYEStJgL2cc3MGgwyYjMk=">AAACBHicbZDLSgMxFIbP1Fsdb1WXggSL4KrMuNGFYsWNyxbsBdpSMmnaxmYyQ5IRy9Clrt3qM7gTwZXgY/gIog9hpu3Ctv4Q+PjPOZyT3ws5U9pxPq3U3PzC4lJ62V5ZXVvfyGxulVUQSUJLJOCBrHpYUc4ELWmmOa2GkmLf47Ti9S6SeuWGSsUCcaX7IW34uCNYmxGsjVU+v0WnyGtmsk7OGQrNgjuG7NnH993uW/Gn0Mx81VsBiXwqNOFYqZrrhLoRY6kZ4XRg1yNFQ0x6uENrBgX2qWrEw2sHaN84LdQOpHlCo6H7dyLGvlJ93zOdPtZdNV1LzH9rSVxMdNTAnjxAt48bMRNhpKkgo/3tiCMdoCQR1GKSEs37BjCRzHwBkS6WmGiTm22ycaeTmIXyYc41XHSy+RMYKQ07sAcH4MIR5OESClACAtfwAI/wZN1bz9aL9TpqTVnjmW2YkPX+CxnqnD8=</latexit><latexit sha1_base64="8iXmvM1XQEhBoKz4/SI8URRXMmc=">AAACBHicbZC9TsMwFIVvyl8JfwVGFosKialKWGAAqYiFsUikrdRGleM6ranjRLaDqKKuzKzwDGyIlffgEXgLnDYDbTmSpaNz79W9/oKEM6Ud59sqrayurW+UN+2t7Z3dvcr+QVPFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLrJ661HKhWLxb0eJ9SP8ECwkBGsTdS8fkJXKOhVqk7NmQotG7cwVSjU6FV+uv2YpBEVmnCsVMd1Eu1nWGpGOJ3Y3VTRBJMRHtCOsQJHVPnZ9NoJOjFJH4WxNE9oNE3/TmQ4UmocBaYzwnqoFmt5+G8tx8XEQE3s+QN0eOFnTCSppoLM9ocpRzpGORHUZ5ISzcfGYCKZ+QIiQywx0Yabbdi4iySWTfOs5hp/51TrlwWlMhzBMZyCC+dQh1togAcEHuAFXuHNerberQ/rc9ZasoqZQ5iT9fULoDiXvA==</latexit>

xk+1
i,j =

1

4
(xk

i�1,j + xk
i+1,j + xk

i,j�1 + xk
i,j+1)

<latexit sha1_base64="2678N3JqfpOLo7hF9ObWbPwuC5o=">AAACYXicbVHNS8MwFM/qd/2q8+jl4RCUqTQi6EFh4MWjglPBzZFm6cyWpiVJxVH69/k3ePbkwateTbce3PRB4PfxHkl+L0gE18b33yrOzOzc/MLikru8srq27m1Ub3WcKsqaNBaxug+IZoJL1jTcCHafKEaiQLC7YHBR+HfPTGkeyxszTFg7Ij3JQ06JsVLHI/DSyfh+P3/MBnWcA5xDK1SEZjjPjnPYLdwDPPZzqLsFr0/x/f 4BnuT1ku8BQMer+Yf+qOAvwCWoobKuOt5HqxvTNGLSUEG0fsB+YtoZUYZTwXK3lWqWEDogPfZgoSQR0+1sFEUOO1bpQhgre6SBkfp7IiOR1sMosJ0RMU962ivEf71iF1z2dO5OPsCEp+2MyyQ1TNLx/WEqwMRQxA1drhg1YmgBoYrbLwB9IjZgY5fi2mzwdBJ/we3RIbb4+rjWOCtTWkRbaBvtIoxOUANdoivURBS9ok/0hb4r786S4znVcatTKWc20UQ5Wz89e7WA</latexit><latexit sha1_base64="2678N3JqfpOLo7hF9ObWbPwuC5o=">AAACYXicbVHNS8MwFM/qd/2q8+jl4RCUqTQi6EFh4MWjglPBzZFm6cyWpiVJxVH69/k3ePbkwateTbce3PRB4PfxHkl+L0gE18b33yrOzOzc/MLikru8srq27m1Ub3WcKsqaNBaxug+IZoJL1jTcCHafKEaiQLC7YHBR+HfPTGkeyxszTFg7Ij3JQ06JsVLHI/DSyfh+P3/MBnWcA5xDK1SEZjjPjnPYLdwDPPZzqLsFr0/x/f 4BnuT1ku8BQMer+Yf+qOAvwCWoobKuOt5HqxvTNGLSUEG0fsB+YtoZUYZTwXK3lWqWEDogPfZgoSQR0+1sFEUOO1bpQhgre6SBkfp7IiOR1sMosJ0RMU962ivEf71iF1z2dO5OPsCEp+2MyyQ1TNLx/WEqwMRQxA1drhg1YmgBoYrbLwB9IjZgY5fi2mzwdBJ/we3RIbb4+rjWOCtTWkRbaBvtIoxOUANdoivURBS9ok/0hb4r786S4znVcatTKWc20UQ5Wz89e7WA</latexit><latexit sha1_base64="2678N3JqfpOLo7hF9ObWbPwuC5o=">AAACYXicbVHNS8MwFM/qd/2q8+jl4RCUqTQi6EFh4MWjglPBzZFm6cyWpiVJxVH69/k3ePbkwateTbce3PRB4PfxHkl+L0gE18b33yrOzOzc/MLikru8srq27m1Ub3WcKsqaNBaxug+IZoJL1jTcCHafKEaiQLC7YHBR+HfPTGkeyxszTFg7Ij3JQ06JsVLHI/DSyfh+P3/MBnWcA5xDK1SEZjjPjnPYLdwDPPZzqLsFr0/x/f 4BnuT1ku8BQMer+Yf+qOAvwCWoobKuOt5HqxvTNGLSUEG0fsB+YtoZUYZTwXK3lWqWEDogPfZgoSQR0+1sFEUOO1bpQhgre6SBkfp7IiOR1sMosJ0RMU962ivEf71iF1z2dO5OPsCEp+2MyyQ1TNLx/WEqwMRQxA1drhg1YmgBoYrbLwB9IjZgY5fi2mzwdBJ/we3RIbb4+rjWOCtTWkRbaBvtIoxOUANdoivURBS9ok/0hb4r786S4znVcatTKWc20UQ5Wz89e7WA</latexit><latexit sha1_base64="2678N3JqfpOLo7hF9ObWbPwuC5o=">AAACYXicbVHNS8MwFM/qd/2q8+jl4RCUqTQi6EFh4MWjglPBzZFm6cyWpiVJxVH69/k3ePbkwateTbce3PRB4PfxHkl+L0gE18b33yrOzOzc/MLikru8srq27m1Ub3WcKsqaNBaxug+IZoJL1jTcCHafKEaiQLC7YHBR+HfPTGkeyxszTFg7Ij3JQ06JsVLHI/DSyfh+P3/MBnWcA5xDK1SEZjjPjnPYLdwDPPZzqLsFr0/x/f 4BnuT1ku8BQMer+Yf+qOAvwCWoobKuOt5HqxvTNGLSUEG0fsB+YtoZUYZTwXK3lWqWEDogPfZgoSQR0+1sFEUOO1bpQhgre6SBkfp7IiOR1sMosJ0RMU962ivEf71iF1z2dO5OPsCEp+2MyyQ1TNLx/WEqwMRQxA1drhg1YmgBoYrbLwB9IjZgY5fi2mzwdBJ/we3RIbb4+rjWOCtTWkRbaBvtIoxOUANdoivURBS9ok/0hb4r786S4znVcatTKWc20UQ5Wz89e7WA</latexit>

Mxk+1 �Nxk = b
<latexit sha1_base64="QB+v5QcMrcRrOQt7OKd4cBfbLkw=">AAACF3icbZDLSsNAFIYn9VbjLerChZvBIghiSUTQhULBjRulgr1AG8tkOmmHTiZhZiKWkAdx7VafwZ24dekj+BZO0ixs9YeBj/+cw5nzexGjUtn2l1Gam19YXCovmyura+sb1uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6DKrtx6IkDTkd2ocETdAA059ipHSVs/auYaP98no0EnhEbzJOYUX0OtZFbtq54J/wSmgAg rVe9Z3tx/iOCBcYYak7Dh2pNwECUUxI6nZjSWJEB6hAelo5Cgg0k3yA1K4r50+9EOhH1cwd39PJCiQchx4ujNAaihna5n5by1LkPKBTM3pDyj/zE0oj2JFOJ7s92MGVQizkGCfCoIVG2tAWFB9AsRDJBBWOkpTZ+PMJvEXmsdVR/PtSaV2XqRUBrtgDxwAB5yCGrgCddAAGKTgGbyAV+PJeDPejY9Ja8koZrbBlIzPH3l2nfg=</latexit><latexit sha1_base64="QB+v5QcMrcRrOQt7OKd4cBfbLkw=">AAACF3icbZDLSsNAFIYn9VbjLerChZvBIghiSUTQhULBjRulgr1AG8tkOmmHTiZhZiKWkAdx7VafwZ24dekj+BZO0ixs9YeBj/+cw5nzexGjUtn2l1Gam19YXCovmyura+sb1uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6DKrtx6IkDTkd2ocETdAA059ipHSVs/auYaP98no0EnhEbzJOYUX0OtZFbtq54J/wSmgAg rVe9Z3tx/iOCBcYYak7Dh2pNwECUUxI6nZjSWJEB6hAelo5Cgg0k3yA1K4r50+9EOhH1cwd39PJCiQchx4ujNAaihna5n5by1LkPKBTM3pDyj/zE0oj2JFOJ7s92MGVQizkGCfCoIVG2tAWFB9AsRDJBBWOkpTZ+PMJvEXmsdVR/PtSaV2XqRUBrtgDxwAB5yCGrgCddAAGKTgGbyAV+PJeDPejY9Ja8koZrbBlIzPH3l2nfg=</latexit><latexit sha1_base64="QB+v5QcMrcRrOQt7OKd4cBfbLkw=">AAACF3icbZDLSsNAFIYn9VbjLerChZvBIghiSUTQhULBjRulgr1AG8tkOmmHTiZhZiKWkAdx7VafwZ24dekj+BZO0ixs9YeBj/+cw5nzexGjUtn2l1Gam19YXCovmyura+sb1uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6DKrtx6IkDTkd2ocETdAA059ipHSVs/auYaP98no0EnhEbzJOYUX0OtZFbtq54J/wSmgAg rVe9Z3tx/iOCBcYYak7Dh2pNwECUUxI6nZjSWJEB6hAelo5Cgg0k3yA1K4r50+9EOhH1cwd39PJCiQchx4ujNAaihna5n5by1LkPKBTM3pDyj/zE0oj2JFOJ7s92MGVQizkGCfCoIVG2tAWFB9AsRDJBBWOkpTZ+PMJvEXmsdVR/PtSaV2XqRUBrtgDxwAB5yCGrgCddAAGKTgGbyAV+PJeDPejY9Ja8koZrbBlIzPH3l2nfg=</latexit><latexit sha1_base64="QB+v5QcMrcRrOQt7OKd4cBfbLkw=">AAACF3icbZDLSsNAFIYn9VbjLerChZvBIghiSUTQhULBjRulgr1AG8tkOmmHTiZhZiKWkAdx7VafwZ24dekj+BZO0ixs9YeBj/+cw5nzexGjUtn2l1Gam19YXCovmyura+sb1uZWU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre6DKrtx6IkDTkd2ocETdAA059ipHSVs/auYaP98no0EnhEbzJOYUX0OtZFbtq54J/wSmgAg rVe9Z3tx/iOCBcYYak7Dh2pNwECUUxI6nZjSWJEB6hAelo5Cgg0k3yA1K4r50+9EOhH1cwd39PJCiQchx4ujNAaihna5n5by1LkPKBTM3pDyj/zE0oj2JFOJ7s92MGVQizkGCfCoIVG2tAWFB9AsRDJBBWOkpTZ+PMJvEXmsdVR/PtSaV2XqRUBrtgDxwAB5yCGrgCddAAGKTgGbyAV+PJeDPejY9Ja8koZrbBlIzPH3l2nfg=</latexit>

xk+1 = M�1(Nxk + b)
<latexit sha1_base64="XqiMnFiB94l1HE8CBFnZ17BL0Vs=">AAACIXicbZDLSsNAFIYn9VbjLerSzWgRKsWSiKALhYIbN0oFe4E2LZPptB06mYSZiVhC1j6Ia7f6DO7EnfgEvoXTtAvb+sPAx3/O4cz5vZBRqWz7y8gsLC4tr2RXzbX1jc0ta3unKoNIYFLBAQtE3UOSMMpJRVHFSD0UBPkeIzVvcDWq1x6IkDTg92oYEtdHPU67FCOlrba1Dx9b8aDgJPAS3rTiYw15eJuaCSxADx61rZxdtF PBeXAmkAMTldvWT7MT4MgnXGGGpGw4dqjcGAlFMSOJ2YwkCREeoB5paOTIJ9KN01MSeKidDuwGQj+uYOr+nYiRL+XQ93Snj1RfztZG5r+1UZaU92RiTn9Adc/dmPIwUoTj8f5uxKAK4Cgu2KGCYMWGGhAWVJ8AcR8JhJUO1dTZOLNJzEP1pOhovjvNlS4mKWXBHjgAeeCAM1AC16AMKgCDJ/ACXsGb8Wy8Gx/G57g1Y0xmdsGUjO9fErigvw==</latexit><latexit sha1_base64="XqiMnFiB94l1HE8CBFnZ17BL0Vs=">AAACIXicbZDLSsNAFIYn9VbjLerSzWgRKsWSiKALhYIbN0oFe4E2LZPptB06mYSZiVhC1j6Ia7f6DO7EnfgEvoXTtAvb+sPAx3/O4cz5vZBRqWz7y8gsLC4tr2RXzbX1jc0ta3unKoNIYFLBAQtE3UOSMMpJRVHFSD0UBPkeIzVvcDWq1x6IkDTg92oYEtdHPU67FCOlrba1Dx9b8aDgJPAS3rTiYw15eJuaCSxADx61rZxdtF PBeXAmkAMTldvWT7MT4MgnXGGGpGw4dqjcGAlFMSOJ2YwkCREeoB5paOTIJ9KN01MSeKidDuwGQj+uYOr+nYiRL+XQ93Snj1RfztZG5r+1UZaU92RiTn9Adc/dmPIwUoTj8f5uxKAK4Cgu2KGCYMWGGhAWVJ8AcR8JhJUO1dTZOLNJzEP1pOhovjvNlS4mKWXBHjgAeeCAM1AC16AMKgCDJ/ACXsGb8Wy8Gx/G57g1Y0xmdsGUjO9fErigvw==</latexit><latexit sha1_base64="XqiMnFiB94l1HE8CBFnZ17BL0Vs=">AAACIXicbZDLSsNAFIYn9VbjLerSzWgRKsWSiKALhYIbN0oFe4E2LZPptB06mYSZiVhC1j6Ia7f6DO7EnfgEvoXTtAvb+sPAx3/O4cz5vZBRqWz7y8gsLC4tr2RXzbX1jc0ta3unKoNIYFLBAQtE3UOSMMpJRVHFSD0UBPkeIzVvcDWq1x6IkDTg92oYEtdHPU67FCOlrba1Dx9b8aDgJPAS3rTiYw15eJuaCSxADx61rZxdtF PBeXAmkAMTldvWT7MT4MgnXGGGpGw4dqjcGAlFMSOJ2YwkCREeoB5paOTIJ9KN01MSeKidDuwGQj+uYOr+nYiRL+XQ93Snj1RfztZG5r+1UZaU92RiTn9Adc/dmPIwUoTj8f5uxKAK4Cgu2KGCYMWGGhAWVJ8AcR8JhJUO1dTZOLNJzEP1pOhovjvNlS4mKWXBHjgAeeCAM1AC16AMKgCDJ/ACXsGb8Wy8Gx/G57g1Y0xmdsGUjO9fErigvw==</latexit><latexit sha1_base64="XqiMnFiB94l1HE8CBFnZ17BL0Vs=">AAACIXicbZDLSsNAFIYn9VbjLerSzWgRKsWSiKALhYIbN0oFe4E2LZPptB06mYSZiVhC1j6Ia7f6DO7EnfgEvoXTtAvb+sPAx3/O4cz5vZBRqWz7y8gsLC4tr2RXzbX1jc0ta3unKoNIYFLBAQtE3UOSMMpJRVHFSD0UBPkeIzVvcDWq1x6IkDTg92oYEtdHPU67FCOlrba1Dx9b8aDgJPAS3rTiYw15eJuaCSxADx61rZxdtF PBeXAmkAMTldvWT7MT4MgnXGGGpGw4dqjcGAlFMSOJ2YwkCREeoB5paOTIJ9KN01MSeKidDuwGQj+uYOr+nYiRL+XQ93Snj1RfztZG5r+1UZaU92RiTn9Adc/dmPIwUoTj8f5uxKAK4Cgu2KGCYMWGGhAWVJ8AcR8JhJUO1dTZOLNJzEP1pOhovjvNlS4mKWXBHjgAeeCAM1AC16AMKgCDJ/ACXsGb8Wy8Gx/G57g1Y0xmdsGUjO9fErigvw==</latexit>

Average of 
neighbors

Still a stencil 
application
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class Grid
class Grid {

public:
explicit Grid(size_t x, size_t y) :

xPoints(x+2), yPoints(y+2), arrayData(xPoints*yPoints) {}

double &operator()(size_t i, size_t j)
{ return arrayData[i*yPoints + j]; }

const double &operator()(size_t i, size_t j) const
{ return arrayData[i*yPoints + j]; }

size_t numX() const { return xPoints; }
size_t numY() const { return yPoints; }

private:
size_t xPoints, yPoints;
std::vector<double> arrayData;

};
Storage

Grid is a 2D 
array Constructor

Accessor
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Iterating for a solution
0

N+1

⌦ @⌦

r2� = 0 on ⌦
� = f on @⌦

i

j

xi,j

xk+1
i,jxk

i�1,j

xk
i+1,j

xk
i,j�1

xk
i,j+1

while (! converged()) {
for (size_t k = 0; k < max_k; ++k) {
for (size_t i = 1; i < N+1; ++i)

for (size_t j = 1; j < N+1; ++j)
x[k+1](i,j) = (x[k](i-1,j) + x[k](i+1,j) + x[k](i,j-1) + x[k](i,j+1))/4.0;

}
<latexit sha1_base64="Gy71QtqjEn/Oom/9rN17FO8iANM="></latexit><latexit sha1_base64="Gy71QtqjEn/Oom/9rN17FO8iANM="></latexit><latexit sha1_base64="Gy71QtqjEn/Oom/9rN17FO8iANM="></latexit><latexit sha1_base64="Gy71QtqjEn/Oom/9rN17FO8iANM="></latexit>

Claim: We only ever 
need two grids
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Iterating for a solution
0

N+1

⌦ @⌦

r2� = 0 on ⌦
� = f on @⌦

i

j

xi,j

xk+1
i,jxk

i�1,j

xk
i+1,j

xk
i,j�1

xk
i,j+1

while (! converged()) {
for (size_t i = 1; i < N+1; ++i) {
for (size_t j = 1; j < N+1; ++j) {

xp(i,j) = (x(i-1,j) + x(i+1,j) + x(i,j-1) + x(i,j+1))/4.0;
}

}
swap(xp, x);

}
<latexit sha1_base64="nOOzGxmoogYzavWxxvhvwXxWHZs="></latexit><latexit sha1_base64="nOOzGxmoogYzavWxxvhvwXxWHZs="></latexit><latexit sha1_base64="nOOzGxmoogYzavWxxvhvwXxWHZs="></latexit><latexit sha1_base64="nOOzGxmoogYzavWxxvhvwXxWHZs="></latexit>

Claim: We only ever 
need two grids

Make current 
the previous

Could copy 
instead, but…
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Sequential

void jacobi(Grid& x, Grid& xp) {
while (! converged()) {
for (size_t i = 1; i < x.num_x()-1; ++i) {

for (size_t j = 1; j < x.num_y()-1; ++j) {
xp(i,j) = (x(i-1,j) + x(i+1,j) + x(i,j-1) + x(i,j+1))/4.0;

}
}
swap(xp, x);

}
}

<latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit><latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit><latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit><latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit>
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Decomposition

N

P

2
N

P

...(P�1)
N

P

0

N

P
+1

0

N

P
+1

0

N

P
+1

0

N

P
+1

N

P

2
N

P
+1

(P�1)
N

P

N+1

0

N+1

Boundary
Boundary

“as-if”

Not part of the 
original problem

for (size_t i = 1; i < N/P+1; ++i)
for (size_t j = 1; j < N+1; ++j)
y(i,j) = (x(i-1,j) + x(i+1,j) + x(i,j-1) + x(i,j+1))/4.0;

To the local / SPMD 
code, the boundary 

and as-if are the same

So solving 
this problem 

Is the same as solving 
lots of the same 

problem but smaller

One crucial 
difference

15



Compute / Communicate
while (! converged()) {

for (size_t i = 1; i < N+1; ++i)
for (size_t j = 1; j < N+1; ++j)

y(i,j) = (x(i-1,j) + x(i+1,j) + x(i,j-1) + x(i,j+1))/4.0;
swap(x,y);
make_as_if(x); // Communicate ghost cells

}

P1

P2

P1

P2

P1

P2

P1

P2

P1

P2

P1

P2

Standard terminology 
for as-if boundary is 

“ghost cell” or “halo”

ghost

ghost

Compute Communicate

16



SPMD

void jacobi(Grid& x, Grid& xp) {
while (! converged()) {
for (size_t i = 1; i < x.num_x()-1; ++i) {

for (size_t j = 1; j < x.num_y()-1; ++j) {
xp(i,j) = (x(i-1,j) + x(i+1,j) + x(i,j-1) + x(i,j+1))/4.0;

}
}
swap(xp, x);

}
}

<latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit><latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit><latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit><latexit sha1_base64="4NHY7CnLosiPuw3Z0tZ0dLlfZoA="></latexit>

Communicate 
here 

Or here 

17



Decomposition

N

P

2
N

P

...(P�1)
N

P

0

N

P
+1

0

N

P
+1

0

N

P
+1

0

N

P
+1

N

P

2
N

P
+1

(P�1)
N

P

N+1

0

N+1

“myrank”

MPI::COMM_WORLD.Send(to myrank + 1)

MPI::COMM_WORLD.Send(to myrank - 1)

MPI::COMM_WORLD.Recv(from myrank - 1)

MPI::COMM_WORLD.Recv(from myrank + 1)

<latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit><latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit><latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit><latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit>

Which 
match?

Message 
sent ”up”

Received 
from below

MPI::COMM_WORLD.Send(to myrank + 1, uptag)

MPI::COMM_WORLD.Send(to myrank - 1, downtag)

MPI::COMM_WORLD.Recv(from myrank - 1, uptag)

MPI::COMM_WORLD.Recv(from myrank + 1, downtag)

<latexit sha1_base64="F/2QLI9MROEHIYM5/B9SWadwpc8="></latexit><latexit sha1_base64="F/2QLI9MROEHIYM5/B9SWadwpc8="></latexit><latexit sha1_base64="F/2QLI9MROEHIYM5/B9SWadwpc8="></latexit><latexit sha1_base64="F/2QLI9MROEHIYM5/B9SWadwpc8="></latexit>

Message 
sent ”up”

Received 
from below

Tags really 
Necessary? 18



Details
MPI::COMM_WORLD.Send(to myrank + 1)

MPI::COMM_WORLD.Send(to myrank - 1)

MPI::COMM_WORLD.Recv(from myrank - 1)

MPI::COMM_WORLD.Recv(from myrank + 1)

<latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit><latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit><latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit><latexit sha1_base64="DoN6xhxeqX4Qk63rdE7Ih7aOkeg="></latexit>

void Comm::Send(const void* buf, int count, const Datatype&
datatype, int dest, int tag);

<latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit>

What are these 
actually?

19



Details
void Comm::Send(const void* buf, int count, const Datatype&

datatype, int dest, int tag);
<latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit>

N

P

2
N

P

...(P�1)
N

P

0

N

P
+1

0

N

P
+1

0

N

P
+1

0

N

P
+1

N

P

2
N

P
+1

(P�1)
N

P

N+1

0

N+1

We want to send 
this row “up”

We want to send 
this row “down”

Address in memory of the 
data we want to send

First element 
is here

Next element 
is here

Why?

Important!
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Details
void Comm::Send(const void* buf, int count, const Datatype&

datatype, int dest, int tag);
<latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit>

N

P

2
N

P

...(P�1)
N

P

0

N

P
+1

0

N

P
+1

0

N

P
+1

0

N

P
+1

N

P

2
N

P
+1

(P�1)
N

P

N+1

0

N+1

Address in memory of the 
data we want to send

First element 
is here

What is its 
address?

How do we 
access it?

x(1,1)
<latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit><latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit><latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit><latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit>

&x(1,1)
<latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit><latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit><latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit><latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit>

Address

What type?How many?

MPI::DOUBLE

<latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit>

x.num_y()

<latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="12OcE8xe4HBvEefz4rIt+vKVD/8="></latexit><latexit sha1_base64="TwtYAYf2WHx2/dXx/Er93CExsz0="></latexit><latexit sha1_base64="TwtYAYf2WHx2/dXx/Er93CExsz0="></latexit><latexit sha1_base64="4U+JeE4L/WGfyhrXSv0nvWrZzNc="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit>
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Details
void Comm::Send(const void* buf, int count, const Datatype&

datatype, int dest, int tag);
<latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit>

N
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N
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0

N
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0
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0

N

P
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N

P
+1

N

P
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P
+1

(P�1)
N

P

N+1

0

N+1

Address in memory of the 
data we want to send

First element 
is here

What is its 
address?

How do we 
access it?

x(1,1)
<latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit><latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit><latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit><latexit sha1_base64="pHfJQW0fPItmMcSLOiEXa05Wbho="></latexit>

&x(1,1)
<latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit><latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit><latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit><latexit sha1_base64="/YkYC5oGMAm5VEcGD7WLH46XxQU="></latexit>

Address

What type?How many?

MPI::DOUBLE

<latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit>

x.num_y()-2

<latexit sha1_base64="8GRi1RUGpVVfg/KdBfdXHAZj/IQ="></latexit><latexit sha1_base64="8GRi1RUGpVVfg/KdBfdXHAZj/IQ="></latexit><latexit sha1_base64="8GRi1RUGpVVfg/KdBfdXHAZj/IQ="></latexit><latexit sha1_base64="8GRi1RUGpVVfg/KdBfdXHAZj/IQ="></latexit>

22



Alternatively
void Comm::Send(const void* buf, int count, const Datatype&

datatype, int dest, int tag);
<latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit><latexit sha1_base64="mB3+KRVqGx8lDz0NV83mEtmvPZQ="></latexit>

N
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N

P

0

N
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0

N
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0

N

P
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0

N
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N

P
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N

P
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(P�1)
N

P

N+1

0

N+1

Address in memory of the 
data we want to send

First element 
is here

What is its 
address?

How do we 
access it?

Address

What type?How many?

MPI::DOUBLE

<latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit><latexit sha1_base64="fO0OnJ0Ne9PxUAY+z3slJFMLSlQ="></latexit>

x.num_y()

<latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit><latexit sha1_base64="Q1zLzY+0PWqK41GgbozOhJVJyRY="></latexit>

x(1,0)
<latexit sha1_base64="zyiCh1J+g5jwFfBzudHXapfdYBM="></latexit><latexit sha1_base64="zyiCh1J+g5jwFfBzudHXapfdYBM="></latexit><latexit sha1_base64="zyiCh1J+g5jwFfBzudHXapfdYBM="></latexit><latexit sha1_base64="zyiCh1J+g5jwFfBzudHXapfdYBM="></latexit>

&x(1,0)
<latexit sha1_base64="ZIDsKB5ApD7jlf5BdmYkh/OWeco="></latexit><latexit sha1_base64="ZIDsKB5ApD7jlf5BdmYkh/OWeco="></latexit><latexit sha1_base64="ZIDsKB5ApD7jlf5BdmYkh/OWeco="></latexit><latexit sha1_base64="ZIDsKB5ApD7jlf5BdmYkh/OWeco="></latexit>
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Sending “up”
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MPI::COMM_WORLD.Send(&x(1, 0)), x.num_y(), MPI::DOUBLE, myrank+1, uptag);

<latexit sha1_base64="whta9mV7loTcJA52oiYLCHu27m0="></latexit><latexit sha1_base64="whta9mV7loTcJA52oiYLCHu27m0="></latexit><latexit sha1_base64="whta9mV7loTcJA52oiYLCHu27m0="></latexit><latexit sha1_base64="whta9mV7loTcJA52oiYLCHu27m0="></latexit>

What is corresponding 
receive?

First element 
is here

Same size and 
type Same tag

MPI::COMM_WORLD.Recv(&x(x.num_x()-1, 0)), x.num_y(), MPI::DOUBLE, myrank-1, uptag);

<latexit sha1_base64="aO/tW4iscvRkL9abmJuTKKTesac="></latexit><latexit sha1_base64="aO/tW4iscvRkL9abmJuTKKTesac="></latexit><latexit sha1_base64="aO/tW4iscvRkL9abmJuTKKTesac="></latexit><latexit sha1_base64="aO/tW4iscvRkL9abmJuTKKTesac="></latexit>

Yes?Send “down”: First 
element is here

Receive “down”: First 
element is here

May need 
const cast

Need to handle top 
and bottom correctly

And not deadlock

24



Distributed Matrix-Matrix Multiply
• Use block algorithm
• Partition matrix into blocks
• Assign blocks to ranks
• Orchestrate communication and computation
• Owner rank computes 

25



P0
<latexit sha1_base64="Cl8ouW7ug8q/yNy+6kB/EpxTHnw="></latexit><latexit sha1_base64="YeW4Gl8ota7BjXPT7bLAKTeNkCM="></latexit><latexit sha1_base64="YeW4Gl8ota7BjXPT7bLAKTeNkCM="></latexit><latexit sha1_base64="lSS/fZe4nujOHWqYm5HYLCKCIdk="></latexit>

P1
<latexit sha1_base64="7lRA1WM7zGZLG10REZ7Qm+GU0H0="></latexit><latexit sha1_base64="ydgx305TLNbrb0/3B/1RyvnNg00="></latexit><latexit sha1_base64="ydgx305TLNbrb0/3B/1RyvnNg00="></latexit><latexit sha1_base64="Ne9MSE8qayvULpC+WHPBIEiVc+I="></latexit>

P2
<latexit sha1_base64="R3wNTt2Zn04+LSgsCuk8JDo6tYk="></latexit><latexit sha1_base64="ylGCJh6y+iX/43Shq2I1a1sRjlI="></latexit><latexit sha1_base64="ylGCJh6y+iX/43Shq2I1a1sRjlI="></latexit><latexit sha1_base64="XqX85dpNEbFCccyAKStRJCdI9Kc="></latexit>

P3
<latexit sha1_base64="5BrClBM+Ow/pCDHaJHOPKFv1oDU="></latexit><latexit sha1_base64="SoGfbhGF4414FlgIRz8moPAO+q0="></latexit><latexit sha1_base64="SoGfbhGF4414FlgIRz8moPAO+q0="></latexit><latexit sha1_base64="9m8BQBK2qr8tYhXM2Alj/E/Rvyg="></latexit>
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Block Partitioning

MPI::COMM_WORLD.Scatter(&x(0), 4, MPI::DOUBLE, &x(0), 4, MPI::DOUBLE, 0);

<latexit sha1_base64="TrHWA7kZfXuMMjxj4Jd4h7Al7nY="></latexit><latexit sha1_base64="TrHWA7kZfXuMMjxj4Jd4h7Al7nY="></latexit><latexit sha1_base64="TrHWA7kZfXuMMjxj4Jd4h7Al7nY="></latexit><latexit sha1_base64="TrHWA7kZfXuMMjxj4Jd4h7Al7nY="></latexit>

Send 4 contiguous 
doubles Could also use 

MPI::Datatype
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Cyclic Partitioning

P0
<latexit sha1_base64="Cl8ouW7ug8q/yNy+6kB/EpxTHnw="></latexit><latexit sha1_base64="YeW4Gl8ota7BjXPT7bLAKTeNkCM="></latexit><latexit sha1_base64="YeW4Gl8ota7BjXPT7bLAKTeNkCM="></latexit><latexit sha1_base64="lSS/fZe4nujOHWqYm5HYLCKCIdk="></latexit>

P1
<latexit sha1_base64="7lRA1WM7zGZLG10REZ7Qm+GU0H0="></latexit><latexit sha1_base64="ydgx305TLNbrb0/3B/1RyvnNg00="></latexit><latexit sha1_base64="ydgx305TLNbrb0/3B/1RyvnNg00="></latexit><latexit sha1_base64="Ne9MSE8qayvULpC+WHPBIEiVc+I="></latexit>

P2
<latexit sha1_base64="R3wNTt2Zn04+LSgsCuk8JDo6tYk="></latexit><latexit sha1_base64="ylGCJh6y+iX/43Shq2I1a1sRjlI="></latexit><latexit sha1_base64="ylGCJh6y+iX/43Shq2I1a1sRjlI="></latexit><latexit sha1_base64="XqX85dpNEbFCccyAKStRJCdI9Kc="></latexit>

P3
<latexit sha1_base64="5BrClBM+Ow/pCDHaJHOPKFv1oDU="></latexit><latexit sha1_base64="SoGfbhGF4414FlgIRz8moPAO+q0="></latexit><latexit sha1_base64="SoGfbhGF4414FlgIRz8moPAO+q0="></latexit><latexit sha1_base64="9m8BQBK2qr8tYhXM2Alj/E/Rvyg="></latexit>
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for (size_t i = 0; i < 4; ++i) {

MPI::COMM_WORLD.Scatter(&x(i*4), 1, MPI::DOUBLE, &x(i*4), 1, MPI::DOUBLE, 0);

}

<latexit sha1_base64="RERgWpiWGKSx+rVc6rO5gTJ3DoQ="></latexit><latexit sha1_base64="RERgWpiWGKSx+rVc6rO5gTJ3DoQ="></latexit><latexit sha1_base64="RERgWpiWGKSx+rVc6rO5gTJ3DoQ="></latexit><latexit sha1_base64="RERgWpiWGKSx+rVc6rO5gTJ3DoQ="></latexit>

Send 1 contiguous 
double
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P0
<latexit sha1_base64="Cl8ouW7ug8q/yNy+6kB/EpxTHnw="></latexit><latexit sha1_base64="YeW4Gl8ota7BjXPT7bLAKTeNkCM="></latexit><latexit sha1_base64="YeW4Gl8ota7BjXPT7bLAKTeNkCM="></latexit><latexit sha1_base64="lSS/fZe4nujOHWqYm5HYLCKCIdk="></latexit>

P1
<latexit sha1_base64="7lRA1WM7zGZLG10REZ7Qm+GU0H0="></latexit><latexit sha1_base64="ydgx305TLNbrb0/3B/1RyvnNg00="></latexit><latexit sha1_base64="ydgx305TLNbrb0/3B/1RyvnNg00="></latexit><latexit sha1_base64="Ne9MSE8qayvULpC+WHPBIEiVc+I="></latexit>

P2
<latexit sha1_base64="R3wNTt2Zn04+LSgsCuk8JDo6tYk="></latexit><latexit sha1_base64="ylGCJh6y+iX/43Shq2I1a1sRjlI="></latexit><latexit sha1_base64="ylGCJh6y+iX/43Shq2I1a1sRjlI="></latexit><latexit sha1_base64="XqX85dpNEbFCccyAKStRJCdI9Kc="></latexit>

P3
<latexit sha1_base64="5BrClBM+Ow/pCDHaJHOPKFv1oDU="></latexit><latexit sha1_base64="SoGfbhGF4414FlgIRz8moPAO+q0="></latexit><latexit sha1_base64="SoGfbhGF4414FlgIRz8moPAO+q0="></latexit><latexit sha1_base64="9m8BQBK2qr8tYhXM2Alj/E/Rvyg="></latexit>

A
B
C
D
E
F
G
H
I
J
K
L
M
N
O
P

A
B
I
J

C
D
K
L

E
F
M
N

G
H
O
P

Block Cyclic Partitioning

for (size_t i = 0; i < 2; ++i) {

MPI::COMM_WORLD.Scatter(&x(i*8), 2, MPI::DOUBLE, &x(i*8), 2, MPI::DOUBLE, 0);

}

<latexit sha1_base64="ML1qCpWVtIcleqYc5ZnlFCglOhE="></latexit><latexit sha1_base64="ML1qCpWVtIcleqYc5ZnlFCglOhE="></latexit><latexit sha1_base64="ML1qCpWVtIcleqYc5ZnlFCglOhE="></latexit><latexit sha1_base64="ML1qCpWVtIcleqYc5ZnlFCglOhE="></latexit>

Send 2 contiguous 
double
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Block Matrix-Matrix Product

C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 B00A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

= ⇥

CIJ =
X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31
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Processor Grid
R0

R1

R2

R3

R4

R14

R15

. . .

R0 R1 R2 R3

R4 R5 R6 R7

R8 R9 R10 R11

R12 R13 R14 R15
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P00 P01 P02 P03

P10 P11 P12 P13

P20 P21 P22 P23

P30 P31 P32 P33

Processor Grid
R0

R1

R2

R3

R4

R14

R15

. . .
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Matrix Block Partitioning

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33
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A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
CIJ =

X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

(Owner computes)
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
CIJ =

X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

(Owner computes)
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
CIJ =

X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

(Owner computes)
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
CIJ =

X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

(Owner computes)
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning
CIJ =

X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

(Owner computes)
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Matrix Block Partitioning

• At each step K, arrange for

to be on processor I,J

CIJ =
X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

AI,(I+J+K) B(I+J+K),J

(Owner computes)
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

Cannon’s Algorithm
CIJ =

X

K

AIKBKJ

C21 = A20B01 +A21B11 +A22B21 +A23B31

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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Cannon’s Algorithm: Setup (K = 0)
CIJ =

X

K

AIKBKJC00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10 A11 A12 A13

A20 A21 A22 A23

A30 A31 A32 A33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

A00 A01 A02 A03

A10A11 A12 A13

A20 A21A22 A23

A30 A31 A32A33

Cannon’s Algorithm: Setup (K = 0)
CIJ =

X

K

AIKBKJ

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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Cannon’s Algorithm: Setup (K = 0)

• At each step K, arrange for

to be on processor I,J
• Compute

CIJ =
X

K

AIKBKJ

AI,(I+J+K) B(I+J+K),J

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

A00 A01 A02 A03

A10A11 A12 A13

A20 A21A22 A23

A30 A31 A32A33
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10A11 A12 A13

A20 A21A22 A23

A30 A31 A32A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: Setup

• At each step K, arrange for

to be on processor I,J
• Compute

CIJ =
X

K

AIKBKJ

AI,(I+J+K) B(I+J+K),J

CIJ += AI,(I+J+K) ⇥B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10A11 A12 A13

A20 A21A22 A23

A30 A31 A32A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: K = 0

• At each step K, arrange for

to be on processor I,J

• Compute

CIJ =
X

K

AIKBKJ

AI,(I+J+K) B(I+J+K),J

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

46



Cannon’s Algorithm: K = 1
CIJ =

X

K

AIKBKJC00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02 A03

A10A11 A12 A13

A20 A21A22 A23

A30 A31 A32A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00A01 A02 A03

A10 A11A12 A13

A20 A21 A22A23

A30 A31 A32 A33
B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: K = 1
CIJ =

X

K

AIKBKJ

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00A01 A02 A03

A10 A11A12 A13

A20 A21 A22A23

A30 A31 A32 A33
B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: K = 2
CIJ =

X

K

AIKBKJ

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01A02 A03

A10 A11 A12A13

A20 A21 A22 A23

A30A31 A32 A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: K = 2
CIJ =

X

K

AIKBKJ

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01A02 A03

A10 A11 A12A13

A20 A21 A22 A23

A30A31 A32 A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: K = 3
CIJ =

X

K

AIKBKJ

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01 A02A03

A10 A11 A12 A13

A20A21 A22 A23

A30 A31A32 A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

Cannon’s Algorithm: K = 3
CIJ =

X

K

AIKBKJ

CIJ += AI,(I+J+K) ⇥B(I+J+K),J

• At each step K, arrange for

to be on processor I,J

• Compute

AI,(I+J+K) B(I+J+K),J
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Implementation
• Two-D decomposition of matrices A, B, C
• Move A and B to starting positions
• Local matrix-matrix product
• Shift left
• Shift up
• Move A and B back to initial distributions
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MPI Mental Model

Communicator

Process 0
Process 1
Process 2

Process …

Process #P-1

Group

All MPI communication 
takes place in the context 
of an MPI Communicator

An MPI Communicator 
contains an MPI Group

An MPI Group translates 
from rank in the group to 

actual process

We us the index (rank) of 
a process in the group to 
identify other processes

All processes in the 
group see an identical 

communicator

Behavior is as if it were 
global and shared

Only processes in 
the group can use 
the communicator

The size of a 
communicator is the 

size of the group

Processes can query 
for size and for their 
own rank in group
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Shifting North, East, West, South
C00 C01 C02 C03

C10 C11 C12 C13

C20 C21 C22 C23

C30 C31 C32 C33

A00 A01A02 A03

A10 A11 A12A13

A20 A21 A22 A23

A30A31 A32 A33

B00

B01

B02

B03B10

B11

B12

B13B20

B21

B22

B23B30

B31

B32

B33

This is a useful way to 
reason about the algorithm

Also turns out to be efficient

Communicator

Process 0
Process 1
Process 2

Process …

Process #P-1

Group

MPI communicator has 
processes in an array
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Cartesian Communicator

Cartesian
Communicator

P0 P1

P5

P16

Cartcomm Intracomm.Create_cart(int ndims, int dims[], const bool periods[],
bool reorder) const,!

dims[1]

dims[0]
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Cartesian Communicator

Cartesian
Communicator

P0 P1

P5

P16

void Cartcomm::Shift(int direction, int disp, int& rank_source,
int& rank_dest) const,!

disp

dir

rank_dest

rank_source
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Cartesian Communicator

Cartesian
Communicator

P0 P1

P5

P16

dest

source

void Comm::Sendrecv_replace(void* buf, int count, const Datatype& datatype,
int dest, int sendtag, int source, int recvtag) const,!
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Implementation
1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();

49 }
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Implementation
1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();

49 }

1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();

49 }
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Implementation
1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();

49 }
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Implementation

1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();

49 }
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Implementation

1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();

49 }
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Implementation

1 void cannonMultiplyMV(const Matrix& A, const Matrix& B, Matrix& C) {

2 size_t mysize = MPI::COMM_WORLD.Get_size();

3

4 // Set up grid topology and a grid (Cartesian) communicator
5 int dims[2] = { (int) std::sqrt(mysize), (int) std::sqrt(mysize) };

6 bool periods[2] = { true, true };

7

8 MPI::Cartcomm gridComm = MPI::COMM_WORLD.Create_cart(2, dims, periods, true);

9 size_t myrank = gridComm.Get_rank();

10

11 int mycoords[2];

12 gridComm.Get_coords(myrank, 2, mycoords);

13

14 int northRank, eastRank, westRank, southRank;

15 gridComm.Shift(0, -1, westRank, eastRank);

16 gridComm.Shift(1, -1, southRank, northRank);

17

18 // Move A and B where they need to be to start
19 int shiftSource, shiftDest;

20 gridComm.Shift(0, -mycoords[0], shiftSource, shiftDest);

21 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

22 MPI::DOUBLE, shiftDest, 314, shiftSource, 314);

23

24 gridComm.Shift(1, -mycoords[1], shiftSource, shiftDest);

25 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

26 MPI::DOUBLE, shiftDest, 314, shiftSource, 315);

27

28

29 // Main loop
30 for (int k = 0; k < dims[0]; ++k) {

31 hoistedCopyBlockedTiledMultiply2x2(A, B, C); // Local block matmat
32

33 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

34 MPI::DOUBLE, westRank, 316, eastRank, 316);

35 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*A.numCols(),

36 MPI::DOUBLE, northRank, 317, southRank, 317);

37 }

38

39 // Restore A and B to initial distribution
40 gridComm.Shift(0, +mycoords[0], shiftSource, shiftDest);

41 gridComm.Sendrecv_replace(const_cast<double*>(&A(0,0)), A.numRows()*A.numCols(),

42 MPI::DOUBLE, shiftDest, 318, shiftSource, 318);

43

44 gridComm.Shift(1, +mycoords[1], shiftSource, shiftDest);

45 gridComm.Sendrecv_replace(const_cast<double*>(&B(0,0)), B.numRows()*B.numCols(),

46 MPI::DOUBLE, shiftDest, 319, shiftSource, 319);

47

48 gridComm.Free();
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The HPC Canon (as of 2022)
Technology Paradigm Hammer

CPU (single core) Sequential C compiler

SIMD/Vector (single core) Data parallel Intrinsics

Multicore Threads pthreads library

NUMA shared memory Threads pthreads library

GPU GPU CUDA

Clusters Message passing MPI
Th

is
 q

ua
rt

er

We have come to 
the end of this path

Technology and 
paradigm

C++

Order of evolution 
(more or less)

Build on each 
other
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In the era of exascale computing
• ORNL – Frontier
• 8.7M cores, 1.1 exaflop/s

• MPI + X
• MPI + OpenMP
• MPI + CUDA
• MPI + …
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Tour of the Course (HPC hardware)

• Basic CPU machine model
• Hierarchical memory (registers, cache, virtual memory)
• Instruction level parallelism
• Multicore processors 
• Shared memory parallelism
• GPU
• Distributed memory parallelism

• Use running examples By Hteink.min - commons:File:Louvre Pyramid.jpg, CC BY-SA 
3.0, https://en.wikipedia.org/w/index.php?curid=38292385
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Tour of the Course (HPC Software)

• Elements of C++
• Elements of software organization
• Elements of software practice
• Elements of performance measurement and 

optimization

Hardware

Software
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What you have learnt

69AMATH 483/583 Sp 22 U of Washington Xu Tony Liu

• Ask yourself at the beginning of this quarter
• What scientific problem you want to solve?
• What do you want to learn from this course that can prepare you?
• Can you write a sequential program to solve it?
• What is the performance of it?
• …

• Ask yourself at the end of this quarter
• Do you master the skillset to solve your scientific problem?
• Can you write a high-performance program to solve it?
• What is the performance of it?
• What is the speedup?

• compare your sequential program with your high-performance program



Discovery Science (DOE)
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Uses of HPC (a sample)

• Cosmology
• Earthquake
• Weather
• Climate modeling
• Automobile crash testing
• Aircraft design
• Jet engine design
• Stockpile stewardship
• Nuclear fusion

• Protein folding
• Modeling the brain
• Modeling bloodstream
• Epidemiology
• Rendering (CGI)
• Sigint
• Block chains
• Gene sequencing
• Etc
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Where do we go from here?
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Clouds = Services
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Services: On Demand Access
• Data Storage (blob, file, unstructured, SQL, &c)
• Computing (VM, cluster, GPU)
• Application services (web hosting, mobile app backend, &c)
• Streaming data (IoT data streams, web log streams, instruments)
• Security services (user authentication, authorization, privacy)
• Analytics (database, BI, app optimization, stream analytics)
• Integrative (networking, management services, automation)
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What’s Next
• Machine learning
• Quantum computing
• 5G
• IoT / edge computing
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Congratulations!
• You survived HPC course
• Be well
• Do good work
• Stay in touch
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