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Questions from Last Time?
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Parallelization Strategy
Finding 

Concurrency

Algorithm 
Structure

Supporting 
Structures

Implementation 
Mechanisms

Timothy Mattson, Beverly Sanders, and Berna Massingill. 2004. Patterns for Parallel Programming(First ed.). Addison-Wesley Professional.

Decompose problem into pieces 
that can execute concurrently

By task or 
by dataManage sharing

Fundamental 
organizing principle Around tasks or around 

data decomposition or 
around data flowProgramming paradigms 

and data structures

Manage tasks, move data
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Two Norm Function (Sequential)

double two_norm(const Vector& x) {
double sum = 0.0;
for (size_t i = 0; i < x.num_rows(); ++i) {
sum += x(i) * x(i);

}
return std::sqrt(sum);

}
<latexit sha1_base64="14loBs34tS9odIzwI/iINeSP/bk="></latexit><latexit sha1_base64="14loBs34tS9odIzwI/iINeSP/bk="></latexit><latexit sha1_base64="14loBs34tS9odIzwI/iINeSP/bk="></latexit><latexit sha1_base64="14loBs34tS9odIzwI/iINeSP/bk="></latexit>
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Partitioned Vector
class PartitionedVector {
public:

PartitionedVector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }
const double& operator()(size_t i) const { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

void partition_by_rows(size_t parts) {
size_t xsize = num_rows_ / parts;
partitions_.resize(parts+1);
std::fill(partitions_.begin()+1, partitions_.end(), xsize);
std::partial_sum(partitions_.begin(), partitions_.end(), partitions_.begin());

}

private:
size_t num_rows_;
std::vector<double> storage_;

public:
std::vector<size_t> partitions_;

};
<latexit sha1_base64="lgjFp3rn7DLkMAc8NFZL2tZ4kgg="></latexit><latexit sha1_base64="lgjFp3rn7DLkMAc8NFZL2tZ4kgg="></latexit><latexit sha1_base64="lgjFp3rn7DLkMAc8NFZL2tZ4kgg="></latexit><latexit sha1_base64="lgjFp3rn7DLkMAc8NFZL2tZ4kgg="></latexit>
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Two Norm v.1
double two_norm_part(const PartitionedVector& x, size_t p) {

double sum = 0.0;
for (size_t i = x.partitions_[p]; i < x.partitions_[p+1]; ++i) {
sum += x(i) * x(i);

}
return sum;

}

double two_norm_px(const PartitionedVector& x) {
std::vector<std::future<double>> futures_;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
futures_.push_back(std::async(std::launch::async, two_norm_part, x, p));

}

double sum = 0.0;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
sum += futures_[p].get();

}
return std::sqrt(sum);

}
<latexit sha1_base64="Mv8W0A2ePGYsu7dIEeN6hYPGQFg="></latexit><latexit sha1_base64="Mv8W0A2ePGYsu7dIEeN6hYPGQFg="></latexit><latexit sha1_base64="Mv8W0A2ePGYsu7dIEeN6hYPGQFg="></latexit><latexit sha1_base64="Mv8W0A2ePGYsu7dIEeN6hYPGQFg="></latexit>
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Timing

for (size_t num_threads = 1; num_threads <= 8; num_threads*=2) {

x.partition_by_rows(num_threads);

DEF_TIMER(two_norm_rx);

START_TIMER(two_norm_rx);

for (size_t i = 0; i < trips; ++i) {

b += two_norm_rx(x);

}

STOP_TIMER(two_norm_rx);

<latexit sha1_base64="gPL1hhtgzSl1sa4v65pz6exFH5I="></latexit><latexit sha1_base64="gPL1hhtgzSl1sa4v65pz6exFH5I="></latexit><latexit sha1_base64="gPL1hhtgzSl1sa4v65pz6exFH5I="></latexit><latexit sha1_base64="gPL1hhtgzSl1sa4v65pz6exFH5I="></latexit>
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Results
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What Happened?
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What Happened?
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Two Norm v.2
double two_norm_part(const PartitionedVector& x, size_t p) {

double sum = 0.0;
for (size_t i = x.partitions_[p]; i < x.partitions_[p+1]; ++i) {
sum += x(i) * x(i);

}
return sum;

}

double two_norm_rx(const PartitionedVector& x) {
std::vector<std::future<double>> futures_;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
futures_.push_back(std::async(std::launch::async, two_norm_part, std::cref(x), p));

}

double sum = 0.0;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
sum += futures_[p].get();

}
return std::sqrt(sum);

}
<latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit><latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit><latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit><latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit>
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Results v.2
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Results v.2
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Walkthrough
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Timing all Three Norms
for (size_t num_threads = 1; num_threads <= 8; num_threads *= 2) {

x.partition_by_rows(num_threads);

DEF_TIMER(two_norm_px);

START_TIMER(two_norm_px);

for (size_t i = 0; i < trips; ++i) {

a += two_norm_px(x);

}

STOP_TIMER(two_norm_px);

for (size_t num_threads = 1; num_threads <= 8; num_threads*=2) {

x.partition_by_rows(num_threads);

DEF_TIMER(two_norm_rx);

START_TIMER(two_norm_rx);

for (size_t i = 0; i < trips; ++i) {

b += two_norm_rx(x);

}

STOP_TIMER(two_norm_rx);

for (size_t num_threads = 1; num_threads <= 8; num_threads*=2) {

x.partition_by_rows(num_threads);

DEF_TIMER(two_norm_l);

START_TIMER(two_norm_l);

for (size_t i = 0; i < trips; ++i) {

c += two_norm_l(x);

}

STOP_TIMER(two_norm_l);

<latexit sha1_base64="ENFCW1NQMDExMUOrvx1yDTolDSQ="></latexit><latexit sha1_base64="ENFCW1NQMDExMUOrvx1yDTolDSQ="></latexit><latexit sha1_base64="ENFCW1NQMDExMUOrvx1yDTolDSQ="></latexit><latexit sha1_base64="ENFCW1NQMDExMUOrvx1yDTolDSQ="></latexit>

These are all 
the same
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Functions as Values

void benchmark(const PartitionedVector& x) {

for (size_t num_threads = 1; num_threads <= 8; num_threads *= 2) {

x.partition_by_rows(num_threads);

DEF_TIMER(two_norm_px);

START_TIMER(two_norm_px);

for (size_t i = 0; i < trips; ++i) {

a += <something>(x);

}

STOP_TIMER(two_norm_px);

}

<latexit sha1_base64="BARvr3PlUiW8u0sHEHUfnHBbqPs="></latexit><latexit sha1_base64="BARvr3PlUiW8u0sHEHUfnHBbqPs="></latexit><latexit sha1_base64="BARvr3PlUiW8u0sHEHUfnHBbqPs="></latexit><latexit sha1_base64="BARvr3PlUiW8u0sHEHUfnHBbqPs="></latexit>

We want to 
pass in 

something

That we call 
like a function

Double bonus: It 
just needs an 
operator()()

Let’s not get 
carried away
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Functions as Values
void bench(std::function<double (PartitionedVector&)> two_norm_f,

PartitionedVector& x) {

double a = 0;

for (size_t num_threads = 1; num_threads <= 8; num_threads *= 2) {

x.partition_by_rows(num_threads);

DEF_TIMER(two_norm_px);

START_TIMER(two_norm_px);

for (size_t i = 0; i < trips; ++i) {

a += two_norm_f(std::ref(x));

}

STOP_TIMER(two_norm_px);

}

}

<latexit sha1_base64="5fMEGlxIQMMR/g9t2FUO2bw+RoQ="></latexit><latexit sha1_base64="5fMEGlxIQMMR/g9t2FUO2bw+RoQ="></latexit><latexit sha1_base64="5fMEGlxIQMMR/g9t2FUO2bw+RoQ="></latexit><latexit sha1_base64="5fMEGlxIQMMR/g9t2FUO2bw+RoQ="></latexit>

Parameter fIs a function

That returns 
void
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Two Norm v.2
double two_norm_part(const PartitionedVector& x, size_t p) {

double sum = 0.0;
for (size_t i = x.partitions_[p]; i < x.partitions_[p+1]; ++i) {
sum += x(i) * x(i);

}
return sum;

}

double two_norm_rx(const PartitionedVector& x) {
std::vector<std::future<double>> futures_;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
futures_.push_back(std::async(std::launch::async, two_norm_part, std::cref(x), p));

}

double sum = 0.0;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
sum += futures_[p].get();

}
return std::sqrt(sum);

}
<latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit><latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit><latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit><latexit sha1_base64="N9sq1tDRzaPUW2eslgRJIAjCo9Y="></latexit>
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int main(int argc, char* argv[]) {
unsigned long intervals = 1024 * 1024;
unsigned long num_blocks = 1;
double h = 1.0 / (double)intervals;
unsigned long blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (unsigned long k = 0; k < num_blocks; ++k)
partial_sums.push_back(

std::async(std::launch::async,
partial_pi, k * blocksize, (k + 1) * blocksize, h));

for (unsigned long k = 0; k < num_blocks; ++k)
pi += h * partial_sums[k].get();

std::cout << "pi is approximately " << pi << std::endl;

return 0;
}

Launching async()

Run right 
away

Results will 
be here

“Helper function” 
(where is it?)
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Named function

double partial_pi(unsigned long begin, unsigned long end, double h) {
double partial_pi = 0.0;
for (unsigned long i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}

Function 
name

Parameter 
list

Return 
type

double my_pi = partial_pi(0, 100, .001);

<latexit sha1_base64="Vdsq0DGkXuzQbRVRpPJd+pDraZo="></latexit><latexit sha1_base64="Vdsq0DGkXuzQbRVRpPJd+pDraZo="></latexit><latexit sha1_base64="Vdsq0DGkXuzQbRVRpPJd+pDraZo="></latexit><latexit sha1_base64="Vdsq0DGkXuzQbRVRpPJd+pDraZo="></latexit>

Function 
name Parameters

Return value

Return value
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Named functions
double partial_pi(unsigned long begin, unsigned long end, double h) {

double partial_pi = 0.0;
for (unsigned long i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}

partial_sums.push_back(
std::async(std::launch::async,
partial_pi, k * blocksize, (k + 1) * blocksize, h));

<latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit><latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit><latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit><latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit>

Function 
name

Parameters

But what is 
this really?

21

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

Named variables

double pi = 3.14;

double sqrtpi_1 = sqrt583(pi);

double sqrtpi_2 = sqrt583(3.14);
<latexit sha1_base64="MFflfKd+YkW8Gm6Ei+zcYQzwPpQ="></latexit><latexit sha1_base64="MFflfKd+YkW8Gm6Ei+zcYQzwPpQ="></latexit><latexit sha1_base64="MFflfKd+YkW8Gm6Ei+zcYQzwPpQ="></latexit><latexit sha1_base64="MFflfKd+YkW8Gm6Ei+zcYQzwPpQ="></latexit>

Variable 
name

Variable 
value

Call with 
variable name

Value will be 
looked up

And then 
sqrt583 will 

be called

Call with 
value Function will 

be called with 
same thing as 

before
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Named functions
double partial_pi(unsigned long begin, unsigned long end, double h) {

double partial_pi = 0.0;
for (unsigned long i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}

partial_sums.push_back(
std::async(std::launch::async,
partial_pi, k * blocksize, (k + 1) * blocksize, h));

<latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit><latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit><latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit><latexit sha1_base64="+IbHfUSnfn6cLCvYQ0ZyNSHADMs="></latexit>

Function 
name

Call with 
function name

Value will be 
looked up

And then 
std::async will 

be called

Can I call std::async
directly with the 

value of partial_pi

(yes)
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Name this famous person
Alonzo Church (June 14, 1903 – August 11, 1995) 
was an American mathematician and logician who 
made major contributions to mathematical logic 
and the foundations of theoretical computer 
science. He is best known for the lambda 
calculus, Church–Turing thesis, proving the 
undecidability of the Entscheidungsproblem, 
Frege–Church ontology, and the Church–Rosser 
theorem.Various 

formalisms for 
computing 

Alan Turing
Gottlog Frege

John Barkley 
Rosser

24
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Lambda: Anonymous functions
int main(int argc, char* argv[]) {
unsigned long intervals = 1024 * 1024;
unsigned long num_blocks = 1;
double h = 1.0 / (double)intervals;
unsigned long blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (unsigned long k = 0; k < num_blocks; ++k) {
partial_sums.push_back(std::async(std::launch::async, [&]() -> double {

double partial_pi = 0.0;
for (unsigned long i = k * blocksize; i < (k + 1) * blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i * h * i * h));

}
return partial_pi;

}));
}

double pi = 0.0;
for (unsigned long k = 0; k < num_blocks; ++k) {

pi += h * partial_sums[k].get();
}
std::cout << "pi is approximately " << std::setprecision(15) << pi << std::endl;

return 0;
}

<latexit sha1_base64="HgzTLBSbHtVHtjGulAZf9KHSoOk="></latexit><latexit sha1_base64="HgzTLBSbHtVHtjGulAZf9KHSoOk="></latexit><latexit sha1_base64="HgzTLBSbHtVHtjGulAZf9KHSoOk="></latexit><latexit sha1_base64="HgzTLBSbHtVHtjGulAZf9KHSoOk="></latexit>
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for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[](size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

}

<latexit sha1_base64="q3v1Few7+Ep1ZD5wIczmyVy99E0="></latexit><latexit sha1_base64="q3v1Few7+Ep1ZD5wIczmyVy99E0="></latexit><latexit sha1_base64="q3v1Few7+Ep1ZD5wIczmyVy99E0="></latexit><latexit sha1_base64="q3v1Few7+Ep1ZD5wIczmyVy99E0="></latexit>

Lambda: Anonymous functions

Value of 
partial_pi
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Two Norm v.3
double two_norm_l(const PartitionedVector& x) {

std::vector<std::future<double>> futures_;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
futures_.emplace_back(std::async(std::launch::async, [&](size_t p) {
double sum = 0.0;
for (size_t i = x.partitions_[p]; i < x.partitions_[p+1]; ++i) {

sum += x(i) * x(i);
}
return sum;

}, p));

}

double sum = 0.0;
for (size_t p = 0; p < x.partitions_.size()-1; ++p) {
sum += futures_[p].get();

}
return std::sqrt(sum);

}
<latexit sha1_base64="o/SWtng7WMXKrmjHLh1ndtaEzV0="></latexit><latexit sha1_base64="o/SWtng7WMXKrmjHLh1ndtaEzV0="></latexit><latexit sha1_base64="o/SWtng7WMXKrmjHLh1ndtaEzV0="></latexit><latexit sha1_base64="o/SWtng7WMXKrmjHLh1ndtaEzV0="></latexit>

Used to be 
two_norm_part

lambda
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Before

double partial_pi(size_t begin, size_t end, double h)
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}

<latexit sha1_base64="f7jOwRby9tSnizi5v1wx0x+4ogU="></latexit><latexit sha1_base64="f7jOwRby9tSnizi5v1wx0x+4ogU="></latexit><latexit sha1_base64="f7jOwRby9tSnizi5v1wx0x+4ogU="></latexit><latexit sha1_base64="f7jOwRby9tSnizi5v1wx0x+4ogU="></latexit>
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After

auto partial_pi(size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}

<latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit><latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit><latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit><latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit>
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Before

auto partial_pi(size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}

<latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit><latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit><latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit><latexit sha1_base64="BWPY+oz1iFPgEX1EXmVsPMpgLU0="></latexit>
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After

auto partial_pi = [](size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

};

<latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit><latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit><latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit><latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit>
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Function values

auto partial_pi = [](size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

};

<latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit><latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit><latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit><latexit sha1_base64="aXdsMzcJhlbzYSE1wxlqsN80Kyc="></latexit>

“Lambda” (this 
is a function 

value)

Function 
parameters

Return type

Return value
What is the 

value of 
partial_pi?
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Before

(std::async(std::launch::async,
partial_pi,

k * blocksize, (k + 1) * blocksize, h
));

<latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit>
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After

(std::async(std::launch::async,
[](size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}, k * blocksize, (k + 1) * blocksize, h
));

<latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="iqEDl/u+3Y8pONhoIOrRInPWDdE="></latexit><latexit sha1_base64="0xnoYYo5Ep+1kF+xeADSDZ+CkWI="></latexit><latexit sha1_base64="0xnoYYo5Ep+1kF+xeADSDZ+CkWI="></latexit><latexit sha1_base64="WfonL8gnU9/FqIAcmXr/VDdEHuw="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit>
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Before

(std::async(std::launch::async,
partial_pi,

k * blocksize, (k + 1) * blocksize, h
));

<latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit>

Function name
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After

(std::async(std::launch::async,
[](size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}, k * blocksize, (k + 1) * blocksize, h
));

<latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="iqEDl/u+3Y8pONhoIOrRInPWDdE="></latexit><latexit sha1_base64="0xnoYYo5Ep+1kF+xeADSDZ+CkWI="></latexit><latexit sha1_base64="0xnoYYo5Ep+1kF+xeADSDZ+CkWI="></latexit><latexit sha1_base64="WfonL8gnU9/FqIAcmXr/VDdEHuw="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit><latexit sha1_base64="IOwnZjh5r425MB43dRHEWW6lc4w="></latexit>

Function value

async “sees” the 
same thing 
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All together int main(int argc, char* argv[]) {
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[](size_t begin, size_t end, double h) -> double
{

double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

, k * blocksize, (k + 1) * blocksize, h
));

}

double pi = 0.0;
for (size_t k = 0; k < num_blocks; ++k) {
pi += h * partial_sums[k].get();

}
std::cout << "pi is approximately " << std::setprecision(15) <<
pi << std::endl;,!

return 0;
}

<latexit sha1_base64="aXHd1eAZthoYybjQ3jfz5+NjRNc="></latexit><latexit sha1_base64="aXHd1eAZthoYybjQ3jfz5+NjRNc="></latexit><latexit sha1_base64="aXHd1eAZthoYybjQ3jfz5+NjRNc="></latexit><latexit sha1_base64="aXHd1eAZthoYybjQ3jfz5+NjRNc="></latexit>
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All together zoomed
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back
(std::async(std::launch::async,

[](size_t begin, size_t end, double h) -> double
{
double partial_pi = 0.0;
for (size_t i = begin; i < end; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

, k * blocksize, (k + 1) * blocksize, h
));

<latexit sha1_base64="ZM6KkUH/VehhSFyvAiy6OAFmUJ8="></latexit><latexit sha1_base64="ZM6KkUH/VehhSFyvAiy6OAFmUJ8="></latexit><latexit sha1_base64="ZM6KkUH/VehhSFyvAiy6OAFmUJ8="></latexit><latexit sha1_base64="ZM6KkUH/VehhSFyvAiy6OAFmUJ8="></latexit>

Function 
parameters

Passed 
parameters

Why can’t we 
use k, blocksize, 
and h directly?
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Capture
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>
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Before
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>
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After
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[&]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>
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After after
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[=]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>
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After after after
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[k, blocksize, &h]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>
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Capture all by reference
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[&]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>

Capture all 
by reference
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Capture all by value
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[=]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>

Capture all 
by value
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Capture some by value, some by reference
size_t intervals = 1024 * 1024;
size_t num_blocks = 1;
double h = 1.0 / (double)intervals;
size_t blocksize = intervals / num_blocks;

std::vector<std::future<double>> partial_sums;

for (size_t k = 0; k < num_blocks; ++k) {
partial_sums.push_back

(std::async(std::launch::async,
[k, blocksize, &h]() -> double
{

double partial_pi = 0.0;
for (size_t i = k*blocksize; i < (k+1)*blocksize; ++i) {
partial_pi += 4.0 / (1.0 + (i*h*i*h));

}
return partial_pi;

}
));

<latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit><latexit sha1_base64="Y7nCTmwdr0jy+YWZchvv9ATW9LY="></latexit>
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Ranking Web Pages with PageRank

Web page

Web page

Link

Link

Model as 
a graph
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Ranking Web Pages with PageRank
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Surfing: Random Walk on the Web Graph

A surfer 
here

Might click 
this link

Or this 
link

Or this 
link

With equal 
probability
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Surfing: Random Walk on the Web Graph

If we do this for 
a long time

Some vertices (sites) 
will be visited more 
often than others

“Important” 
vertex (site)

PageRank: Order 
vertices by 
importance

Modified random 
walk includes 

“teleportation”
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Vector Representation
Probability that 
user will follow 
link from i to k

i

jk

pki
<latexit sha1_base64="m8IT+4VNepWhF1Dq+2L/3xO7DRs="></latexit><latexit sha1_base64="m8IT+4VNepWhF1Dq+2L/3xO7DRs="></latexit><latexit sha1_base64="m8IT+4VNepWhF1Dq+2L/3xO7DRs="></latexit><latexit sha1_base64="m8IT+4VNepWhF1Dq+2L/3xO7DRs="></latexit>

pji
<latexit sha1_base64="LoxaaFkusFINDsbnSl2JEL9kKRQ="></latexit><latexit sha1_base64="LoxaaFkusFINDsbnSl2JEL9kKRQ="></latexit><latexit sha1_base64="LoxaaFkusFINDsbnSl2JEL9kKRQ="></latexit><latexit sha1_base64="LoxaaFkusFINDsbnSl2JEL9kKRQ="></latexit>

pij
<latexit sha1_base64="2tsr6eIZe4B1lpLN1fOJkbxA57c="></latexit><latexit sha1_base64="2tsr6eIZe4B1lpLN1fOJkbxA57c="></latexit><latexit sha1_base64="2tsr6eIZe4B1lpLN1fOJkbxA57c="></latexit><latexit sha1_base64="2tsr6eIZe4B1lpLN1fOJkbxA57c="></latexit>

Probability that 
user will follow 
link from i to k

2

66666666666666666664

0
...
0
pji
0
...
0
pki
0
...
0

3

77777777777777777775

<latexit sha1_base64="aPiCfqsndU0bgWnBoK2FQOQuIx4="></latexit><latexit sha1_base64="JGa4h0DKolfuiN8rjpDFyZLiy3k="></latexit><latexit sha1_base64="JGa4h0DKolfuiN8rjpDFyZLiy3k="></latexit><latexit sha1_base64="zGiyVY8D6zCL/LWxcJiPS5u9+tw="></latexit>

pji + pki = 1
<latexit sha1_base64="QnNmQt/t/imxcYMGqJVmiWmvV+M="></latexit><latexit sha1_base64="jdhITJDEMHoiabWgJLh6XcTdBxc="></latexit><latexit sha1_base64="jdhITJDEMHoiabWgJLh6XcTdBxc="></latexit><latexit sha1_base64="fLFtaHoNwcT6+iApTs/sElc3ZJA="></latexit>

Stochastic 
(column) vector 

for node i

Entry at row j for 
edge from i

Entry at row k 
for edge from i

Graph of 
links

Stochasticity
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Matrix Vector

3

0

21

1/2 1/2

1/2

1/2

1/2

1/2

1

2

6664

0 0 1
2 0

1
2 0 0 1

2
1
2 1 0 1

2

0 0 1
2 0

3

7775

<latexit sha1_base64="K4kITwuGUxIxDUwyctVhq8cWgaQ="></latexit><latexit sha1_base64="cjeQ9MJV407YV+XOghNSewJ0s6Y="></latexit><latexit sha1_base64="cjeQ9MJV407YV+XOghNSewJ0s6Y="></latexit><latexit sha1_base64="12OcE8xe4HBvEefz4rIt+vKVD/8="></latexit><latexit sha1_base64="pDA5bKs3ixCO/0O0+5kdGsF8O0o="></latexit><latexit sha1_base64="pDA5bKs3ixCO/0O0+5kdGsF8O0o="></latexit><latexit sha1_base64="JlE/FX+UsDLksMBf9vZvgiRKrQs="></latexit><latexit sha1_base64="JlE/FX+UsDLksMBf9vZvgiRKrQs="></latexit><latexit sha1_base64="cjeQ9MJV407YV+XOghNSewJ0s6Y="></latexit><latexit sha1_base64="cjeQ9MJV407YV+XOghNSewJ0s6Y="></latexit><latexit sha1_base64="cjeQ9MJV407YV+XOghNSewJ0s6Y="></latexit><latexit sha1_base64="cjeQ9MJV407YV+XOghNSewJ0s6Y="></latexit><latexit sha1_base64="JlE/FX+UsDLksMBf9vZvgiRKrQs="></latexit>

2

6664

0
1
2
1
2

0

3

7775

<latexit sha1_base64="FO0pJTS6HQb4ihG8QRRKOLZb7DM="></latexit><latexit sha1_base64="Hyl0xqj086Ebly9Q67MUcHhq/t4="></latexit><latexit sha1_base64="Hyl0xqj086Ebly9Q67MUcHhq/t4="></latexit><latexit sha1_base64="gAGOnI8HBmJPsxnJTDsoaadNq7U="></latexit>

2

6664

0

0

1

0

3

7775

<latexit sha1_base64="sK7Xbw2/SeaLc0emDGvWNchv66g="></latexit><latexit sha1_base64="cQBP38dbhTeX5rS5t5f3JmGC3Fo="></latexit><latexit sha1_base64="cQBP38dbhTeX5rS5t5f3JmGC3Fo="></latexit><latexit sha1_base64="WxdyVcSVBFLWIIvL8BbdcZQgZog="></latexit>

2

6664

1
2

0

0
1
2

3

7775

<latexit sha1_base64="tkfDhtvLOXlxA3GfO+GNrWW9NYY="></latexit><latexit sha1_base64="IEynj/qJ3Xv6cCUgpwbBLBbFjkg="></latexit><latexit sha1_base64="IEynj/qJ3Xv6cCUgpwbBLBbFjkg="></latexit><latexit sha1_base64="2c9T+92UnldrHuEvBUMSED+NxHQ="></latexit>

2

6664

0
1
2
1
2

0

3

7775

<latexit sha1_base64="FO0pJTS6HQb4ihG8QRRKOLZb7DM="></latexit><latexit sha1_base64="Hyl0xqj086Ebly9Q67MUcHhq/t4="></latexit><latexit sha1_base64="Hyl0xqj086Ebly9Q67MUcHhq/t4="></latexit><latexit sha1_base64="gAGOnI8HBmJPsxnJTDsoaadNq7U="></latexit>

Probability that 
user will follow 
link from i to k

Node 0

Node 1

Node 2

Node 3

Put vectors 
together into 

a matrix

X

i

pij = 1 8j
<latexit sha1_base64="FpBAQOFeE7STmJHaH+0Uqk17JKk="></latexit><latexit sha1_base64="BtObQZDC7RN2Pk+fX0Clz8JIB8M="></latexit><latexit sha1_base64="BtObQZDC7RN2Pk+fX0Clz8JIB8M="></latexit><latexit sha1_base64="SiWcZyi1f43TqTD2vgrs7N9B9Gk="></latexit>
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Random Walk / Markov Process

x0
<latexit sha1_base64="W1jEnrIlLERG7u7tAKleZpvWtVs="></latexit><latexit sha1_base64="oWcnHSbeeG/Ey9z/nHSjCNsotvQ="></latexit><latexit sha1_base64="oWcnHSbeeG/Ey9z/nHSjCNsotvQ="></latexit><latexit sha1_base64="YtGFLbFxZ2YOpbzUa6zuFkHu9Vg="></latexit>

x1
<latexit sha1_base64="GrBuartzQ4Ib011ZI1WDo+uc4ak="></latexit><latexit sha1_base64="IR2oyQ44VZ0i9C+cKlK7ISybDgs="></latexit><latexit sha1_base64="IR2oyQ44VZ0i9C+cKlK7ISybDgs="></latexit><latexit sha1_base64="9z0B2dQSP33Z5zaMrmDxT5AkEl8="></latexit>

x2
<latexit sha1_base64="X5dI4RCtvrLl+sN2H3egmO4GMIo="></latexit><latexit sha1_base64="NyN83jeqPlfWa0j0fu5SCU3la54="></latexit><latexit sha1_base64="NyN83jeqPlfWa0j0fu5SCU3la54="></latexit><latexit sha1_base64="kCCwJ1v351Y2FO/Y7pogM0HC0r4="></latexit>

x3
<latexit sha1_base64="J5Ml4lriaLTVqeZN7UREBu/XqOk="></latexit><latexit sha1_base64="Of6f1WL4z/i8b7RPMz5FH3cK1W0="></latexit><latexit sha1_base64="Of6f1WL4z/i8b7RPMz5FH3cK1W0="></latexit><latexit sha1_base64="kkURBTTkgWAL3Q/WK05CZh2wsPI="></latexit>

p10
<latexit sha1_base64="xO6pDN7+RQkulWoJIxhPQ6cxLWE="></latexit><latexit sha1_base64="lhbt7wMumENvmfHNSGzPmfcXulM="></latexit><latexit sha1_base64="lhbt7wMumENvmfHNSGzPmfcXulM="></latexit><latexit sha1_base64="6zk1E9mg/0Urp7BsY96356+nEYs="></latexit>

p20
<latexit sha1_base64="LVXauT1zRJnokwoczbVCsw16gRk="></latexit><latexit sha1_base64="ArxHnY/XkZ517ApMC3ycl2sT3Ag="></latexit><latexit sha1_base64="ArxHnY/XkZ517ApMC3ycl2sT3Ag="></latexit><latexit sha1_base64="J1gI4LyUvsIQ6pqc9a5seS+FAI0="></latexit>

p02
<latexit sha1_base64="AZRr2+Ni0lPdzP9R+ILyxQ2K7Xc="></latexit><latexit sha1_base64="+3trbRsF7GdPWkND9Gq8EhFagec="></latexit><latexit sha1_base64="+3trbRsF7GdPWkND9Gq8EhFagec="></latexit><latexit sha1_base64="0IqLC7k3aDPYUxXoRx79T9HgIAE="></latexit>

Probability 
user is at 0

Probability 
user moves 
from 0 to 2

Probability 
user is at 2

x2 = p20x0 + p21x1 + p23x3
<latexit sha1_base64="7qYCMsiKlxo+n+ll1BFkynAgT5k="></latexit><latexit sha1_base64="H8Py4oYHWrp3qcNFPuT57qIDrVs="></latexit><latexit sha1_base64="H8Py4oYHWrp3qcNFPuT57qIDrVs="></latexit><latexit sha1_base64="sBzqyLCC0lCgIcuIHVxVWMW4bT4="></latexit>

xi =
X

j

pijxj

<latexit sha1_base64="MRkN2etse+Eq22oJQ7v/Skq2Dhw="></latexit><latexit sha1_base64="cZsW0iI71+O85H5OMyO2nKOEqt8="></latexit><latexit sha1_base64="cZsW0iI71+O85H5OMyO2nKOEqt8="></latexit><latexit sha1_base64="+jJg5s65+9U+jOgeVgNCDACFOO4="></latexit>

x = Px
<latexit sha1_base64="5jAQMmzgLQrcqi98Nl9EyTBeHZk="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="12OcE8xe4HBvEefz4rIt+vKVD/8="></latexit><latexit sha1_base64="E0FZtZtiH+GDgVn1aUyIVKx6lY4="></latexit><latexit sha1_base64="E0FZtZtiH+GDgVn1aUyIVKx6lY4="></latexit><latexit sha1_base64="2Jn8GpM60UHEQVQr5gYZEmM490E="></latexit><latexit sha1_base64="2Jn8GpM60UHEQVQr5gYZEmM490E="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="2Jn8GpM60UHEQVQr5gYZEmM490E="></latexit>

X

i

pij = 1 8j
<latexit sha1_base64="FpBAQOFeE7STmJHaH+0Uqk17JKk="></latexit><latexit sha1_base64="BtObQZDC7RN2Pk+fX0Clz8JIB8M="></latexit><latexit sha1_base64="BtObQZDC7RN2Pk+fX0Clz8JIB8M="></latexit><latexit sha1_base64="SiWcZyi1f43TqTD2vgrs7N9B9Gk="></latexit>

X

j

xj = 1

<latexit sha1_base64="tQRA1cKhw1obrPk1s7YeF/cinGg="></latexit><latexit sha1_base64="+wpdctWguXxUzLz8wqjHBQe3c+U="></latexit><latexit sha1_base64="+wpdctWguXxUzLz8wqjHBQe3c+U="></latexit><latexit sha1_base64="ZQgWdDSIN6kHYEzgeCgmbb6X9/E="></latexit>

x is an 
eigenvector of P

What is  the 
eigenvalue?
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Some Facts
• Exploit asdfsadfasdfadwf and consider left eigenvalues (which are 

same as right eigenvalues
• By Gershgorin, all (left) eigenvalues are in or on a circle of radius 1
• That is, spectral radius is equal to unity
• By Perron-Frobenius, there is a unique eigenvalue at the spectral 

radius (there is unique eigenvalue equal to unity)

• Conclusion, there is an x that satisfies

X

i

pij = 1 8j
<latexit sha1_base64="FpBAQOFeE7STmJHaH+0Uqk17JKk="></latexit><latexit sha1_base64="BtObQZDC7RN2Pk+fX0Clz8JIB8M="></latexit><latexit sha1_base64="BtObQZDC7RN2Pk+fX0Clz8JIB8M="></latexit><latexit sha1_base64="SiWcZyi1f43TqTD2vgrs7N9B9Gk="></latexit>

x = Px
<latexit sha1_base64="5jAQMmzgLQrcqi98Nl9EyTBeHZk="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="12OcE8xe4HBvEefz4rIt+vKVD/8="></latexit><latexit sha1_base64="E0FZtZtiH+GDgVn1aUyIVKx6lY4="></latexit><latexit sha1_base64="E0FZtZtiH+GDgVn1aUyIVKx6lY4="></latexit><latexit sha1_base64="2Jn8GpM60UHEQVQr5gYZEmM490E="></latexit><latexit sha1_base64="2Jn8GpM60UHEQVQr5gYZEmM490E="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="HXWJ7toGB1uofdHu7rZn5q0s3mg="></latexit><latexit sha1_base64="2Jn8GpM60UHEQVQr5gYZEmM490E="></latexit>
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Computing Solution
• Let

• Claim 

x̃ = Px̃
<latexit sha1_base64="JW1r4wfIHMFtu776wha/OznN9kU="></latexit><latexit sha1_base64="jv0uXlHiYxScMZAgNSuaZKdH/MY="></latexit><latexit sha1_base64="jv0uXlHiYxScMZAgNSuaZKdH/MY="></latexit><latexit sha1_base64="yrWb+k+/zs+M2SOrGCZ4HSKdut8="></latexit>

lim
k!1

P ky = x̃ for any y
<latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit><latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit><latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit><latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit>

Let

z = lim
k!1

P ky

Then

z = lim
k!1

P ky

= lim
k!1

PP ky

= P lim
k!1

P ky

= Pz ) z = Pz
<latexit sha1_base64="HznqiSoMIaRlj1L9jCvoIcRHd2Q="></latexit><latexit sha1_base64="HznqiSoMIaRlj1L9jCvoIcRHd2Q="></latexit><latexit sha1_base64="HznqiSoMIaRlj1L9jCvoIcRHd2Q="></latexit><latexit sha1_base64="HznqiSoMIaRlj1L9jCvoIcRHd2Q="></latexit>

But asd is 
unique

x̃
<latexit sha1_base64="0bmc/GH5eLyOem6cElRQAWPFVtI="></latexit><latexit sha1_base64="0bmc/GH5eLyOem6cElRQAWPFVtI="></latexit><latexit sha1_base64="0bmc/GH5eLyOem6cElRQAWPFVtI="></latexit><latexit sha1_base64="0bmc/GH5eLyOem6cElRQAWPFVtI="></latexit>

So: x̃ = z
<latexit sha1_base64="HUn0xPemhYwR6+KwbQbiSGGB4kg="></latexit><latexit sha1_base64="HUn0xPemhYwR6+KwbQbiSGGB4kg="></latexit><latexit sha1_base64="HUn0xPemhYwR6+KwbQbiSGGB4kg="></latexit><latexit sha1_base64="HUn0xPemhYwR6+KwbQbiSGGB4kg="></latexit>
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Computing Solution

lim
k!1

P ky = x̃ for any y
<latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit><latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit><latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit><latexit sha1_base64="8weM8hgRmq+KClAo69gwJUVPrUI="></latexit>

Vector x(N);
randomize(x);
x = (1.0 / one_norm(x)) * x;

for (size_t i = 0; i < max_iters; ++i) {
Vector y = P * x;
if (two_norm(x - y) < tol) {
return y;

}
x = y;

}
<latexit sha1_base64="TUSM9jORI0pePuhKWFQnAe0wk+E="></latexit><latexit sha1_base64="TUSM9jORI0pePuhKWFQnAe0wk+E="></latexit><latexit sha1_base64="TUSM9jORI0pePuhKWFQnAe0wk+E="></latexit><latexit sha1_base64="TUSM9jORI0pePuhKWFQnAe0wk+E="></latexit>

(P k)x = P (P (P . . . (Px)))
<latexit sha1_base64="nO+NDnSRFbcOL1lYBZTU8uhZ5Wc="></latexit><latexit sha1_base64="gzvGG0wifOHJaUrROD/pk1nakDY="></latexit><latexit sha1_base64="gzvGG0wifOHJaUrROD/pk1nakDY="></latexit><latexit sha1_base64="AvJaZEsBVFI7mgxcAhQ3pcGGSPQ="></latexit>

Matrix-matrix 
product (k of them)

Expensive!

Matrix-vector 
product (k of them)

Much 
cheaper!
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Teleportation

Once we get into 
this cycle we 
can’t get out

PageRank includes 
“teleportation”
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Teleportation

Q =
↵

Np

2

6664

1 1 . . . 1
1 1 . . . 1
...

...
...

1 1 . . . 1

3

7775
+ (1� ↵)P

<latexit sha1_base64="LVxTQup+3ICZx28C+eljAd7GjaA="></latexit><latexit sha1_base64="JKk8xkVVG1KDQJ9IlNgjHslrx9U="></latexit><latexit sha1_base64="JKk8xkVVG1KDQJ9IlNgjHslrx9U="></latexit><latexit sha1_base64="YsPHwQZ5jTQxYX9ZurllOW4ZKLg="></latexit>

Small probability 
that user might go 
from a site to any 

other site

Scale to maintain 
Markov chain 

properties
Sum of all elements 
in column is equal 

to unity

Include 
teleportation 

computationally
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Simplifying Teleportation

1

Np

2

6664

1 1 . . . 1
1 1 . . . 1
...

...
...

1 1 . . . 1

3

7775
x =

1

Np

2

6664

|x|1
|x|1
...

|x|1

3

7775
=

1

Np

2

6664

1
1
...
1

3

7775

<latexit sha1_base64="KTSDFKX75r1XuFjwanRScjDgGHA="></latexit><latexit sha1_base64="c+CpOC1tbOewL7DyKe16RvBNet8="></latexit><latexit sha1_base64="c+CpOC1tbOewL7DyKe16RvBNet8="></latexit><latexit sha1_base64="vYEKKf/kncKAuDBphw0ULse6TkA="></latexit>

x (1� ↵)Px+
↵

N
<latexit sha1_base64="9DcnvUyL6chgrmKgbG5l73wMdfo="></latexit><latexit sha1_base64="+dNkZO35fVFd77YKuYHTBe4Ucq8="></latexit><latexit sha1_base64="+dNkZO35fVFd77YKuYHTBe4Ucq8="></latexit><latexit sha1_base64="9dfeSXe09xAR5vBH9G9z8dswWRM="></latexit>

Small bias
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Algorithm with Teleportation

Vector x(N);
randomize(x);
x = (1.0 / one_norm(x)) * x;

for (size_t i = 0; i < max_iters; ++i) {
Vector y = (1.0 - alpha) * P * x + alpha / x.num_rows();
if (two_norm(x - y) < tol) {
return y;

}
x = y;

}
<latexit sha1_base64="UpjyzzI0lyPmQjE0/iFvzSPxf7U="></latexit><latexit sha1_base64="UpjyzzI0lyPmQjE0/iFvzSPxf7U="></latexit><latexit sha1_base64="UpjyzzI0lyPmQjE0/iFvzSPxf7U="></latexit><latexit sha1_base64="UpjyzzI0lyPmQjE0/iFvzSPxf7U="></latexit>

Teleportation 
bias
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Parallelization Strategy
Finding 

Concurrency

Algorithm 
Structure

Supporting 
Structures

Implementation 
Mechanisms

Timothy Mattson, Beverly Sanders, and Berna Massingill. 2004. Patterns for Parallel Programming(First ed.). Addison-Wesley Professional.

Decompose problem into pieces 
that can execute concurrently

By task or 
by dataManage sharing

Fundamental 
organizing principle Around tasks or around 

data decomposition or 
around data flowProgramming paradigms 

and data structures

Manage tasks, move data
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Walkthrough
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Thank you!
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