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Overview
• Recap of Lecture 3

– Compilation
– Program organization
– Header files, source files
– make

• class Vector
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HPC in the News

Cal Tech Assistant Professor (and 
former MIT CS PhD student) Katie 
Bouman with 5PB data used to 
image the black hole.
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SC’19 Student Cluster Competition Call-Out!
• Teams work with advisor and vendor to design and build a cutting-edge, 

commercially available cluster constrained by the 3000-watt power limit
• Cluster run a variety of HPC workflows, ranging from being limited by CPU 

performance to being memory bandwidth limited to I/O intensive
• Teams are comprised of six undergrad or high-school students plus advisor

https://sc19.supercomputing.org
/program/studentssc/student-
cluster-competition/

Team Meetings
Mondays 5:30PM-8:00PM
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Procedural Abstraction: Functions
• F.2: A function should perform a single logical operation
• F.3: Keep functions short and simple
• F.16: For “in” parameters, pass cheaply-copied types by value and 

others by reference to const
• F.17: For “in-out” parameters, pass by reference to non-const
• F.20: For “out” output values, prefer return values to output 

parameters

http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
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Refined program organization (in pictures)

amath583.hpp

amath583.cpp

main.cpp

#include <iostream>
#include "amath583.hpp"

int main () {

std::cout << sqrt583(42.0) << std::endl;
std::cout << expt583(42.0. pi) << std::endl;
std::cout << sin583(42.0 * pi) << std::endl;
// ...

return 0;
}

<latexit sha1_base64="gbKgAZEBhWJ+f3OT9gd12erbcmE="></latexit><latexit sha1_base64="gbKgAZEBhWJ+f3OT9gd12erbcmE="></latexit><latexit sha1_base64="gbKgAZEBhWJ+f3OT9gd12erbcmE="></latexit><latexit sha1_base64="gbKgAZEBhWJ+f3OT9gd12erbcmE="></latexit>

#include <cmath>
#include "amath583.hpp"

double sqrt583(double z) {
double x = 1.0;
for (size_t i = 0; i < 32; ++i) {
double dx = - (x*x-z) / (2.0*x) ;
x += dx;
if (abs(dx) < 1.e-9) break;

}
return x;

}
// ...

<latexit sha1_base64="3468B8RpLrjota99Q9Yhq9L94CU="></latexit><latexit sha1_base64="3468B8RpLrjota99Q9Yhq9L94CU="></latexit><latexit sha1_base64="3468B8RpLrjota99Q9Yhq9L94CU="></latexit><latexit sha1_base64="3468B8RpLrjota99Q9Yhq9L94CU="></latexit>

// amath583.hpp: Declarations
double sqrt583(double);
double expt583(double, double);
double sin583(double, double);
// ...

<latexit sha1_base64="0lurqV2PLU5+6yz91OPFvlY6RXY="></latexit><latexit sha1_base64="0lurqV2PLU5+6yz91OPFvlY6RXY="></latexit><latexit sha1_base64="0lurqV2PLU5+6yz91OPFvlY6RXY="></latexit><latexit sha1_base64="0lurqV2PLU5+6yz91OPFvlY6RXY="></latexit>

a.out

compiler

amath583.o

compiler
(linker)

compiler

main.o

Object file

Object file
Executable
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Multifile Multistage Compilation

$ c++ -c main.cpp -o main.o

$ c++ -c amath583.cpp -o amath583.o

$ c++ main.o amath583.o -o main.exe

Compile main.cpp to 
main.o object file

Tell the compiler to 
generate object

Tell the compiler 
name of the object
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Multistage compilation (pictorially)

amath583.hpp

amath583.cpp

main.cpp

compiler

main.exe

compiler

amath583.o

main.o

compiler

$ c++ -c main.cpp -o main.o

$ c++ -c main.cpp -o main.o

$ c++ main.o amath583.o -o main.exe
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Recompiling

amath583.hpp

amath583.cpp

main.cpp

compiler

main.exe

compiler

amath583.o

main.o

compiler

If this changes

Or if this 
changes

Need to 
compile again

If this changes
Need to 

compile again
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Dependencies
• main.o depends on main.cpp and amath583.hpp
• amath583.o depends on amath583.cpp
• main.exe depends on amath583.o and main.o
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Automating: The Rules 
• If main.o is newer than main.exe → recompile main.exe
• If amath583.o is newer than main.exe → recompile main.exe
• If main.cpp is newer than main.o → recompile main.o
• If amath583.cpp is newer than amath583.o → recompile amath583.o
• If amath583.hpp is newer than main.o → recompile main.o
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Make
• Tool for automating compilation (or any other rule-driven tasks)
• Rules are specified in a makefile (usually named “Makefile”)
• Rules include

– Dependency
– Target
– Consequent

Target

Dependencies

Consequent

main.exe: main.o amath583.o
c++ main.o amath583.o -o main.exe

main.o: main.cpp amath583.hpp
c++ -c main.cpp -o main.o

amath583.o: amath583.cpp
c++ -c amath583.cpp -o amath583.o
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Make
• Tool for automating compilation (or any other rule-driven tasks)
• Rules are specified in a makefile (usually named “Makefile”)
• Rules include

– Dependency
– Target
– Consequent

• Edit amath583.hpp

$ make
c++ -c main.cpp -o main.o
c++ -c amath583.cpp -o amath583.o
c++ main.o amath583.o -o main.exe

$ make
c++ -c main.cpp -o main.o
c++ main.o amath583.o -o main.exe
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Computational Science

System of Partial 
Differential Eqns

System of 
Nonlinear Eqns

System of Linear 
Eqns

Find P that 
satisfies this

(too hard)

discretize

F (x) = 0

Find x that 
satisfies this

(too hard)

linearize

Ax = b Find x that 
satisfies this

A problem we 
can solve
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Computational Science
• The fundamental computation at the core of many (most/all) 

computational science programs is solving

• Assume                       and

• Solution process only requires basic arithmetic operations

Ax = b

A 2 RN⇥Nx, b 2 RN

A ) LU
<latexit sha1_base64="1zbUsgkt/2wodlYjudWF0xe5te0="></latexit><latexit sha1_base64="D7EbjrVYUCb/lNCAPxxj/6890Yw="></latexit><latexit sha1_base64="D7EbjrVYUCb/lNCAPxxj/6890Yw="></latexit><latexit sha1_base64="ADdHFF0COM3CBOVoMPCweSnxI5E="></latexit>

C ( A⇥B
<latexit sha1_base64="ut0OxlfBuECTjM4b9SJyCp27Gg8="></latexit><latexit sha1_base64="I8B+YCzhkeAieu1ucqni5E/5yFI="></latexit><latexit sha1_base64="I8B+YCzhkeAieu1ucqni5E/5yFI="></latexit><latexit sha1_base64="dfjCRj0ZBV/D6QXVJWsWz+e5vIs="></latexit>

Factorization

Matrix-matrix 
product
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Neural Network
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Zoom In On One ”Neuron”

x0
<latexit sha1_base64="QhT3kkhF+WfDf+vcszorO/jRix8=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKRutbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/ByiQ3oU=</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="6XGlgyNOgWufE/+bEfEuxGG0+7E=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSMNnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9Ix9y0</latexit>

x1
<latexit sha1_base64="H14Z91jtWILRLfRx1I8geH5OKus=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKR+tbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/Byrc3oY=</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="GeEmHCLvkAvaEi2qyQ5PmS5cGY0=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSONnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9LE9y1</latexit>

xN�1
<latexit sha1_base64="9hsXNcDdZkkLxzN0mL3iuLqJxPk=">AAACu3i cbVJNa9wwEJ11v9LtV9Iek4PbEOilwS6F9hJIUwI9lQS6SWBtFkke7yqRJSONQxZhml8R6Kn9W/03lXcTyG4yIHi8eTN6mhGvlXSUJP960YOHjx4/WXnaf /b8xctXq2uvj5xprMCBMMrYE84cKqlxQJIUntQWWcUVHvOzb13++Bytk0b/pGmNecXGWpZSMApUdjHy2duR//EhbdvR6mayncwivgvSa7C5u77x6xIADkZrvd9ZYURToSahmHPDNKkp98ySFArbftY4rJk4Y2McBqhZhS73M9NtvBWYIi6NDUdTPGNvV3hWOTeteFBWjCZuOdeR9+WGDZVfci913RBqMb+obFRMJu4mEBfSoiA1DYAJK4PXWEyYZYLCnBY6CSYmuFMy5TD3ldSExcKjPM1cc3OxSCMZo+bsHoYX4h6Opd7X59Ia3U3rppnPeJe51afd6mdfy+BkXxf3FqAuluQkeNN9AG6Znd4IwzLT5dXdBUcft9OAD8NWP8E8VmAd3sF7SOEz7MJ3OIABCKjhCv7A32gnEtFppObSqHdd8wYWImr+A1oD4cw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="5n3yOUP+ey0uAuG/YEPpSdJYDS0=">AAACu3i cbVJNaxsxEJW3X6n7lTTHXrY1gV4adkuhvQTShEBPJYU6CXgXM9LO2kq00iLNhhixf6OQU/u38m+qtR2InQwIHm/ejJ5mxGslHSXJTS969PjJ02cbz/svX r56/WZz6+2JM40VOBRGGXvGwaGSGockSeFZbREqrvCUXxx2+dNLtE4a/ZtmNeYVTLQspQAKVHY19tn7sf/5KW3b8eYg2U3mEd8H6RIM2DKOx1u966wwoqlQk1Dg3ChNaso9WJJCYdvPGoc1iAuY4ChADRW63M9Nt/FOYIq4NDYcTfGcvVvhoXJuVvGgrICmbj3XkQ/lRg2V33Ivdd0QarG4qGxUTCbuJhAX0qIgNQsAhJXBayymYEFQmNNKJwFiinslKIe5r6QmLFYe5WnumpurVRrJGLVgDzC8EA9wIvWRvpTW6G5at818xrvMnT7tTj/7XgYnR7p4sAB1sSYnwZvuA3ALdnYrDMtM11d3H5x83k0D/pUM9r8s17rB3rEP7CNL2Ve2z36wYzZkgtXsD/vL/kV7kYjOI7WQRr1lzTZbiaj5Dz0O4FY=</latexit>

x0
0

<latexit sha1_base64="tGy53yHUw6Gb11oZ6JSwEBwy4FU="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="E7uZO6yqRpUwM/8H73h/mFbnNvY="></latexit>

w0
<latexit sha1_base64="hZrJMkJ9UsnPr7pk1az+l8j7f4s="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="ArlYhqtJkM/SQhyg7+PXDuOIaLc="></latexit>

w1
<latexit sha1_base64="QuFAqG63Bii8lNpQXV4mJymY8fY="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="usncNPne4xjV2sIomQtsZt/X4TI="></latexit>

wN�1
<latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>
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Zoom In On One ”Neuron”

x0
<latexit sha1_base64="QhT3kkhF+WfDf+vcszorO/jRix8=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKRutbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/ByiQ3oU=</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="6XGlgyNOgWufE/+bEfEuxGG0+7E=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSMNnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9Ix9y0</latexit>

x1
<latexit sha1_base64="H14Z91jtWILRLfRx1I8geH5OKus=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKR+tbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/Byrc3oY=</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="GeEmHCLvkAvaEi2qyQ5PmS5cGY0=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSONnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9LE9y1</latexit>

xN�1
<latexit sha1_base64="9hsXNcDdZkkLxzN0mL3iuLqJxPk=">AAACu3i cbVJNa9wwEJ11v9LtV9Iek4PbEOilwS6F9hJIUwI9lQS6SWBtFkke7yqRJSONQxZhml8R6Kn9W/03lXcTyG4yIHi8eTN6mhGvlXSUJP960YOHjx4/WXnaf /b8xctXq2uvj5xprMCBMMrYE84cKqlxQJIUntQWWcUVHvOzb13++Bytk0b/pGmNecXGWpZSMApUdjHy2duR//EhbdvR6mayncwivgvSa7C5u77x6xIADkZrvd9ZYURToSahmHPDNKkp98ySFArbftY4rJk4Y2McBqhZhS73M9NtvBWYIi6NDUdTPGNvV3hWOTeteFBWjCZuOdeR9+WGDZVfci913RBqMb+obFRMJu4mEBfSoiA1DYAJK4PXWEyYZYLCnBY6CSYmuFMy5TD3ldSExcKjPM1cc3OxSCMZo+bsHoYX4h6Opd7X59Ia3U3rppnPeJe51afd6mdfy+BkXxf3FqAuluQkeNN9AG6Znd4IwzLT5dXdBUcft9OAD8NWP8E8VmAd3sF7SOEz7MJ3OIABCKjhCv7A32gnEtFppObSqHdd8wYWImr+A1oD4cw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="5n3yOUP+ey0uAuG/YEPpSdJYDS0=">AAACu3i cbVJNaxsxEJW3X6n7lTTHXrY1gV4adkuhvQTShEBPJYU6CXgXM9LO2kq00iLNhhixf6OQU/u38m+qtR2InQwIHm/ejJ5mxGslHSXJTS969PjJ02cbz/svX r56/WZz6+2JM40VOBRGGXvGwaGSGockSeFZbREqrvCUXxx2+dNLtE4a/ZtmNeYVTLQspQAKVHY19tn7sf/5KW3b8eYg2U3mEd8H6RIM2DKOx1u966wwoqlQk1Dg3ChNaso9WJJCYdvPGoc1iAuY4ChADRW63M9Nt/FOYIq4NDYcTfGcvVvhoXJuVvGgrICmbj3XkQ/lRg2V33Ivdd0QarG4qGxUTCbuJhAX0qIgNQsAhJXBayymYEFQmNNKJwFiinslKIe5r6QmLFYe5WnumpurVRrJGLVgDzC8EA9wIvWRvpTW6G5at818xrvMnT7tTj/7XgYnR7p4sAB1sSYnwZvuA3ALdnYrDMtM11d3H5x83k0D/pUM9r8s17rB3rEP7CNL2Ve2z36wYzZkgtXsD/vL/kV7kYjOI7WQRr1lzTZbiaj5Dz0O4FY=</latexit>

x0
0

<latexit sha1_base64="tGy53yHUw6Gb11oZ6JSwEBwy4FU="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="E7uZO6yqRpUwM/8H73h/mFbnNvY="></latexit>

w0
<latexit sha1_base64="hZrJMkJ9UsnPr7pk1az+l8j7f4s="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="ArlYhqtJkM/SQhyg7+PXDuOIaLc="></latexit>

w1
<latexit sha1_base64="QuFAqG63Bii8lNpQXV4mJymY8fY="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="usncNPne4xjV2sIomQtsZt/X4TI="></latexit>

wN�1
<latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

x0
0 = �(t)

t = w0x0 + w1x1 + · · ·+ wn�1xn�1

=
N�1X

i=0

wixi

x0
0 = �(

N�1X

i=0

wixi)
<latexit sha1_base64="00xxB6Tj/PQ8V9cIVTEtfsYpkVs="></latexit><latexit sha1_base64="00xxB6Tj/PQ8V9cIVTEtfsYpkVs="></latexit><latexit sha1_base64="00xxB6Tj/PQ8V9cIVTEtfsYpkVs="></latexit><latexit sha1_base64="00xxB6Tj/PQ8V9cIVTEtfsYpkVs="></latexit>

18



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

Zoom In On Two “Neurons”

x0
<latexit sha1_base64="QhT3kkhF+WfDf+vcszorO/jRix8=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKRutbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/ByiQ3oU=</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="6XGlgyNOgWufE/+bEfEuxGG0+7E=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSMNnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9Ix9y0</latexit>

x1
<latexit sha1_base64="H14Z91jtWILRLfRx1I8geH5OKus=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKR+tbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/Byrc3oY=</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="GeEmHCLvkAvaEi2qyQ5PmS5cGY0=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSONnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9LE9y1</latexit>

xN�1
<latexit sha1_base64="9hsXNcDdZkkLxzN0mL3iuLqJxPk=">AAACu3i cbVJNa9wwEJ11v9LtV9Iek4PbEOilwS6F9hJIUwI9lQS6SWBtFkke7yqRJSONQxZhml8R6Kn9W/03lXcTyG4yIHi8eTN6mhGvlXSUJP960YOHjx4/WXnaf /b8xctXq2uvj5xprMCBMMrYE84cKqlxQJIUntQWWcUVHvOzb13++Bytk0b/pGmNecXGWpZSMApUdjHy2duR//EhbdvR6mayncwivgvSa7C5u77x6xIADkZrvd9ZYURToSahmHPDNKkp98ySFArbftY4rJk4Y2McBqhZhS73M9NtvBWYIi6NDUdTPGNvV3hWOTeteFBWjCZuOdeR9+WGDZVfci913RBqMb+obFRMJu4mEBfSoiA1DYAJK4PXWEyYZYLCnBY6CSYmuFMy5TD3ldSExcKjPM1cc3OxSCMZo+bsHoYX4h6Opd7X59Ia3U3rppnPeJe51afd6mdfy+BkXxf3FqAuluQkeNN9AG6Znd4IwzLT5dXdBUcft9OAD8NWP8E8VmAd3sF7SOEz7MJ3OIABCKjhCv7A32gnEtFppObSqHdd8wYWImr+A1oD4cw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="5n3yOUP+ey0uAuG/YEPpSdJYDS0=">AAACu3i cbVJNaxsxEJW3X6n7lTTHXrY1gV4adkuhvQTShEBPJYU6CXgXM9LO2kq00iLNhhixf6OQU/u38m+qtR2InQwIHm/ejJ5mxGslHSXJTS969PjJ02cbz/svX r56/WZz6+2JM40VOBRGGXvGwaGSGockSeFZbREqrvCUXxx2+dNLtE4a/ZtmNeYVTLQspQAKVHY19tn7sf/5KW3b8eYg2U3mEd8H6RIM2DKOx1u966wwoqlQk1Dg3ChNaso9WJJCYdvPGoc1iAuY4ChADRW63M9Nt/FOYIq4NDYcTfGcvVvhoXJuVvGgrICmbj3XkQ/lRg2V33Ivdd0QarG4qGxUTCbuJhAX0qIgNQsAhJXBayymYEFQmNNKJwFiinslKIe5r6QmLFYe5WnumpurVRrJGLVgDzC8EA9wIvWRvpTW6G5at818xrvMnT7tTj/7XgYnR7p4sAB1sSYnwZvuA3ALdnYrDMtM11d3H5x83k0D/pUM9r8s17rB3rEP7CNL2Ve2z36wYzZkgtXsD/vL/kV7kYjOI7WQRr1lzTZbiaj5Dz0O4FY=</latexit>

x0
0

<latexit sha1_base64="tGy53yHUw6Gb11oZ6JSwEBwy4FU="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="E7uZO6yqRpUwM/8H73h/mFbnNvY="></latexit>

w0
<latexit sha1_base64="hZrJMkJ9UsnPr7pk1az+l8j7f4s="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="ArlYhqtJkM/SQhyg7+PXDuOIaLc="></latexit>

w1
<latexit sha1_base64="QuFAqG63Bii8lNpQXV4mJymY8fY="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="usncNPne4xjV2sIomQtsZt/X4TI="></latexit>

wN�1
<latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

x0
<latexit sha1_base64="QhT3kkhF+WfDf+vcszorO/jRix8="></latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8="></latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8="></latexit><latexit sha1_base64="6XGlgyNOgWufE/+bEfEuxGG0+7E="></latexit>

x1
<latexit sha1_base64="H14Z91jtWILRLfRx1I8geH5OKus="></latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE="></latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE="></latexit><latexit sha1_base64="GeEmHCLvkAvaEi2qyQ5PmS5cGY0="></latexit>

xN�1
<latexit sha1_base64="9hsXNcDdZkkLxzN0mL3iuLqJxPk="></latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE="></latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE="></latexit><latexit sha1_base64="5n3yOUP+ey0uAuG/YEPpSdJYDS0="></latexit>

x0
0

<latexit sha1_base64="tGy53yHUw6Gb11oZ6JSwEBwy4FU="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="E7uZO6yqRpUwM/8H73h/mFbnNvY="></latexit>

w0
<latexit sha1_base64="hZrJMkJ9UsnPr7pk1az+l8j7f4s="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="ArlYhqtJkM/SQhyg7+PXDuOIaLc="></latexit>

w1
<latexit sha1_base64="QuFAqG63Bii8lNpQXV4mJymY8fY="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="usncNPne4xjV2sIomQtsZt/X4TI="></latexit>

wN�1
<latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit> x0

1
<latexit sha1_base64="odEe20O3yjVkMXr3exMBHMX2H94="></latexit><latexit sha1_base64="odEe20O3yjVkMXr3exMBHMX2H94="></latexit><latexit sha1_base64="odEe20O3yjVkMXr3exMBHMX2H94="></latexit><latexit sha1_base64="odEe20O3yjVkMXr3exMBHMX2H94="></latexit>
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x0
<latexit sha1_base64="QhT3kkhF+WfDf+vcszorO/jRix8=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKRutbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/ByiQ3oU=</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="+ESLmmvHe6FJZN8ljJlaLH64VM8=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjZLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+GeN+j</latexit><latexit sha1_base64="6XGlgyNOgWufE/+bEfEuxGG0+7E=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSMNnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9Ix9y0</latexit>

x1
<latexit sha1_base64="H14Z91jtWILRLfRx1I8geH5OKus=">AAACsni cbVHbattAEF0rvbjuLUkf+yIaAn0KUgmkL4VcCPQxpXUSagszOxrZS1a7YncUYoQ/oa8N+Zj+QX+gf9OVnUDsZGDhcM7M7MwcWWnlOUn+daK1J0+fPe++6 L189frN2/WNzVNva4fUR6utO5fgSStDfVas6bxyBKXUdCYvjlr97JKcV9b84GlFWQljowqFwIH6fjVKR+tbyU4yj/ghSG/B1n737x8R4mS00bkZ5hbrkgyjBu8HaVJx1oBjhZpmvWHtqQK8gDENAjRQks+a+ayzeDsweVxYF57heM7er2ig9H5aypBZAk/8qtaSj2mDmovPWaNMVTMZXHxU1DpmG7eLx7lyhKynAQA6FWaNcQIOkMN5ljoh4IS+FKA9ZU2pDFO+tFTD86mlvVqmia3VC/aQwoZ0SGNljs2lcta017pr1gxlq9zrM9vuDQ+KMMmxyR8tIJOvpDPKuvVdOnDTu8RgZrpq3UNw+mknDfhbcHVXLKIr3osP4qNIxZ7YF1/FiegLFGPxS/wW19Fu9DOCCBepUee25p1Yikj/Byrc3oY=</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="rjr5aOsYNNA/YlklZJHZoQzxVZE=">AAACsni cbVFLahtBEG1Nforys51lNoONISszEwzOJuBPDFk6JLJNpEFU19RIjXu6h+4aYzHoCNkm5AK5RW6QC+Q26ZFssGQXNDzeq6p+VSUrrTwnyb9O9ODho8dPu k97z56/ePlqbX3j1NvaIfXRauvOJXjSylCfFWs6rxxBKTWdyYujVj+7JOeVNV95WlFWwtioQiFwoL5cjdLR2layk8wjvgvSa7C13/37Z+Pj782T0Xrn1zC3WJdkGDV4P0iTirMGHCvUNOsNa08V4AWMaRCggZJ81sy9zuLtwORxYV14huM5e7uigdL7aSlDZgk88ataS96nDWou3meNMlXNZHDxUVHrmG3cDh7nyhGyngYA6FTwGuMEHCCH9Sx1QsAJfShAe8qaUhmmfGmohueupb1apomt1Qv2kMKEdEhjZY7NpXLWtNu6adYMZavc6jPb7g0PiuDk2OT3FpDJV9IZZd3eXTpw05vEcMx09XR3wem7nTTgz+Gqu2IRXfFGbIq3IhV7Yl98EieiL1CMxXfxQ/yMdqNvEUS4SI061zWvxVJE+j+IxN+k</latexit><latexit sha1_base64="GeEmHCLvkAvaEi2qyQ5PmS5cGY0=">AAACsni cbVHbattAEF2rt9S9Je1jX0RNoE9BKoH0pZALgT4mpE5CbWFmRyN7yWpX7I5CjPAn9LUhn9a/6cp2IHYysHA4Z2b2zIystPKcJP860bPnL16+2njdffP23 fsPm1sfz72tHVIfrbbuUoInrQz1WbGmy8oRlFLThbw6avWLa3JeWfOLpxVlJYyNKhQCB+rsZpSONnvJTjKP+DFIl6AnlnEy2urcDXOLdUmGUYP3gzSpOGvAsUJNs+6w9lQBXsGYBgEaKMlnzdzrLN4OTB4X1oVnOJ6zDysaKL2fljJklsATv6615FPaoObie9YoU9VMBhcfFbWO2cbt4HGuHCHraQCATgWvMU7AAXJYz0onBJzQjwK0p6wplWHKV4ZqeO5a2ptVmthavWAPKUxIhzRW5thcK2dNu637Zs1QtsqDPrPt7vCgCE6OTf5kAZl8LZ1R1u3dpQM3vU8Mx0zXT/cYnH/bSQM+TXr7u8uzbojP4ov4KlKxJ/bFT3Ei+gLFWPwRf8VttBv9jiDCRWrUWdZ8EisR6f9LE9y1</latexit>

xN�1
<latexit sha1_base64="9hsXNcDdZkkLxzN0mL3iuLqJxPk=">AAACu3i cbVJNa9wwEJ11v9LtV9Iek4PbEOilwS6F9hJIUwI9lQS6SWBtFkke7yqRJSONQxZhml8R6Kn9W/03lXcTyG4yIHi8eTN6mhGvlXSUJP960YOHjx4/WXnaf /b8xctXq2uvj5xprMCBMMrYE84cKqlxQJIUntQWWcUVHvOzb13++Bytk0b/pGmNecXGWpZSMApUdjHy2duR//EhbdvR6mayncwivgvSa7C5u77x6xIADkZrvd9ZYURToSahmHPDNKkp98ySFArbftY4rJk4Y2McBqhZhS73M9NtvBWYIi6NDUdTPGNvV3hWOTeteFBWjCZuOdeR9+WGDZVfci913RBqMb+obFRMJu4mEBfSoiA1DYAJK4PXWEyYZYLCnBY6CSYmuFMy5TD3ldSExcKjPM1cc3OxSCMZo+bsHoYX4h6Opd7X59Ia3U3rppnPeJe51afd6mdfy+BkXxf3FqAuluQkeNN9AG6Znd4IwzLT5dXdBUcft9OAD8NWP8E8VmAd3sF7SOEz7MJ3OIABCKjhCv7A32gnEtFppObSqHdd8wYWImr+A1oD4cw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="39N/XsCyIZZ5lsEo0WkRewqrDJE=">AAACu3i cbVJNaxRBEO0dNYnrV6LHeBgNAS+GGRHMJRAjAU8SwU0CO8PSXVOz20lP99BdE7M0g/9C8KT/wN/jv7FnN4HsJgUNj1evql9XtaiVdJQk/3rRvfsPVlbXH vYfPX7y9Nn6xvNjZxoLOACjjD0V3KGSGgckSeFpbZFXQuGJOP/U5U8u0Dpp9Dea1phXfKxlKYFToLLLkc9ejfyXt2nbjta3kp1kFvFtkF6Brf3Nlz++/y1WjkYbvV9ZYaCpUBMo7twwTWrKPbckQWHbzxqHNYdzPsZhgJpX6HI/M93G24Ep4tLYcDTFM/ZmheeVc9NKBGXFaeKWcx15V27YULmbe6nrhlDD/KKyUTGZuJtAXEiLQGoaAAcrg9cYJtxyoDCnhU7AYYJ7JVcOc19JTVgsPMrTzLUwl4s0kjFqzh5geCEe4FjqQ30hrdHdtK6b+Ux0mRt92u1+9rEMTg51cWcB6mJJTiCa7gMIy+30WhiWmS6v7jY4freTBvw1bPU9m8ca22Sv2RuWsg9sn31mR2zAgNXsJ/vN/kR7EURnkZpLo95VzQu2EFHzH5qY4tw=</latexit><latexit sha1_base64="5n3yOUP+ey0uAuG/YEPpSdJYDS0=">AAACu3i cbVJNaxsxEJW3X6n7lTTHXrY1gV4adkuhvQTShEBPJYU6CXgXM9LO2kq00iLNhhixf6OQU/u38m+qtR2InQwIHm/ejJ5mxGslHSXJTS969PjJ02cbz/svX r56/WZz6+2JM40VOBRGGXvGwaGSGockSeFZbREqrvCUXxx2+dNLtE4a/ZtmNeYVTLQspQAKVHY19tn7sf/5KW3b8eYg2U3mEd8H6RIM2DKOx1u966wwoqlQk1Dg3ChNaso9WJJCYdvPGoc1iAuY4ChADRW63M9Nt/FOYIq4NDYcTfGcvVvhoXJuVvGgrICmbj3XkQ/lRg2V33Ivdd0QarG4qGxUTCbuJhAX0qIgNQsAhJXBayymYEFQmNNKJwFiinslKIe5r6QmLFYe5WnumpurVRrJGLVgDzC8EA9wIvWRvpTW6G5at818xrvMnT7tTj/7XgYnR7p4sAB1sSYnwZvuA3ALdnYrDMtM11d3H5x83k0D/pUM9r8s17rB3rEP7CNL2Ve2z36wYzZkgtXsD/vL/kV7kYjOI7WQRr1lzTZbiaj5Dz0O4FY=</latexit>

x0
0

<latexit sha1_base64="tGy53yHUw6Gb11oZ6JSwEBwy4FU="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="9UB3q/OA1TJcJsJKknzY/W64EMA="></latexit><latexit sha1_base64="E7uZO6yqRpUwM/8H73h/mFbnNvY="></latexit>

w0
<latexit sha1_base64="hZrJMkJ9UsnPr7pk1az+l8j7f4s="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="c0F2ZUqkr4cJeSBVuB7dTqkjojc="></latexit><latexit sha1_base64="ArlYhqtJkM/SQhyg7+PXDuOIaLc="></latexit>

w1
<latexit sha1_base64="QuFAqG63Bii8lNpQXV4mJymY8fY="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="tz/zYSfzStvRchqnrajXwG/Frxc="></latexit><latexit sha1_base64="usncNPne4xjV2sIomQtsZt/X4TI="></latexit>

wN�1
<latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit><latexit sha1_base64="xooXlEZapZimNgTcTIKpQqSNyMg="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

x0
0

<latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit><latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit><latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit><latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit>

x0
1

<latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit><latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit><latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit><latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit>

x0
N�1

<latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit><latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit><latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit><latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit>

x1
1

<latexit sha1_base64="WtEPHtKwC5h2OAIb0hI5tArl3U4="></latexit><latexit sha1_base64="WtEPHtKwC5h2OAIb0hI5tArl3U4="></latexit><latexit sha1_base64="WtEPHtKwC5h2OAIb0hI5tArl3U4="></latexit><latexit sha1_base64="WtEPHtKwC5h2OAIb0hI5tArl3U4="></latexit>

x1
0

<latexit sha1_base64="A86gd27w95tv6kre72F1oAX7aWU="></latexit><latexit sha1_base64="A86gd27w95tv6kre72F1oAX7aWU="></latexit><latexit sha1_base64="A86gd27w95tv6kre72F1oAX7aWU="></latexit><latexit sha1_base64="A86gd27w95tv6kre72F1oAX7aWU="></latexit>

w00
<latexit sha1_base64="KMkq2BqDGTtG6Vh084+9DDqD4h4="></latexit><latexit sha1_base64="KMkq2BqDGTtG6Vh084+9DDqD4h4="></latexit><latexit sha1_base64="KMkq2BqDGTtG6Vh084+9DDqD4h4="></latexit><latexit sha1_base64="KMkq2BqDGTtG6Vh084+9DDqD4h4="></latexit>

w01
<latexit sha1_base64="2M1BLNO+FkUsJOS0Lu4JhL/G2VI="></latexit><latexit sha1_base64="2M1BLNO+FkUsJOS0Lu4JhL/G2VI="></latexit><latexit sha1_base64="2M1BLNO+FkUsJOS0Lu4JhL/G2VI="></latexit><latexit sha1_base64="2M1BLNO+FkUsJOS0Lu4JhL/G2VI="></latexit>

w0,N�1
<latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit>

w1,N�1
<latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit>

w11
<latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

w10
<latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit>
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Zoom In On Two “Neurons”

x0
0

<latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit><latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit><latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit><latexit sha1_base64="ci2e0kdPW9u5+7+TyxvFPwijxiQ="></latexit>

x0
1

<latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit><latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit><latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit><latexit sha1_base64="SkeotaD9/+thNx34/6g8ln71VhE="></latexit>
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<latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit><latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit><latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit><latexit sha1_base64="gTwH6A3eD1qwsgThUywrroOdHlY="></latexit>
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<latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit>

w1,N�1
<latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit>

w11
<latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>
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<latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit>
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<latexit sha1_base64="78dVtxoErBZ3yCCpHaqkcLMA/xQ="></latexit><latexit sha1_base64="78dVtxoErBZ3yCCpHaqkcLMA/xQ="></latexit><latexit sha1_base64="78dVtxoErBZ3yCCpHaqkcLMA/xQ="></latexit><latexit sha1_base64="78dVtxoErBZ3yCCpHaqkcLMA/xQ="></latexit>
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<latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit>

w1,N�1
<latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit>

w11
<latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>
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<latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit>
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<latexit sha1_base64="aNyIAWeUiOyik+KVdZkdTkHYwIc="></latexit><latexit sha1_base64="aNyIAWeUiOyik+KVdZkdTkHYwIc="></latexit><latexit sha1_base64="aNyIAWeUiOyik+KVdZkdTkHYwIc="></latexit><latexit sha1_base64="aNyIAWeUiOyik+KVdZkdTkHYwIc="></latexit>
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<latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit>

w1,N�1
<latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit>

w11
<latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

�
<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>

w10
<latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit><latexit sha1_base64="0ariautBpLI0IsFAuN/ch1KXwKo="></latexit>

S(x) =

2

6664

�(x0)
�(x1)

...
�(xN�1

3

7775

<latexit sha1_base64="/XnROuCLwMcWOAGYpgOCv2rWfNs="></latexit><latexit sha1_base64="/XnROuCLwMcWOAGYpgOCv2rWfNs="></latexit><latexit sha1_base64="/XnROuCLwMcWOAGYpgOCv2rWfNs="></latexit><latexit sha1_base64="/XnROuCLwMcWOAGYpgOCv2rWfNs="></latexit>

x1 = S(Wx0)
<latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit><latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit><latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit><latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit>

vector matrix vector

Forward
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<latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit><latexit sha1_base64="EkkjS0Mdo4pFe+BmQ9Xad6UIy30="></latexit>

w1,N�1
<latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit><latexit sha1_base64="ZUa3iGPr9MMxqcACbL+OkmY8kdk="></latexit>

w11
<latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit><latexit sha1_base64="Us7cEvb7NCE29YaSX5LK7KuNc6Q="></latexit>
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<latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit><latexit sha1_base64="4AnIUCH1mCp/3qiaBHRdL/J1gH0="></latexit>
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w10
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x1 = S(Wx0)
<latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit><latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit><latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit><latexit sha1_base64="aswqtyVrvkR0bQjUf16xBTuJZaY="></latexit>

We want to find 
“best” W

Need to compute 
gradient

How does 
this change

When this 
changes?

Back PropagationMore 
later

Will still be based 
on vector and 

matrix abstractions 
and operations
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Mathematical Vector Space
Definition. (Halmos) A vector space is a set V of elements called vectors satisfying the following axioms:

1. To every pair x and y of vectors in V there corresponds a vector x + y called the sum of x and y in

such a way that

(a) addition is commutative, x+ y = y + x

(b) addition is associative, x+ (y + z) = (x+ y) + z

(c) there exists in V a unique vector 0 (called the origin) such that x+ 0 = x for ever vector x, and

(d) to every vector x in V there corresponds a unique vector �x such that x+ (�x) = 0

2. To every pair a and x where a is a scalar and x is a vector in V , there corresponds a vector ax in V
called the product of a and x in such a way that

(a) multiplication by scalars is associative a(bx) = (ab)x, and

(b) 1x = x for every vector x.

3. (a) Multiplications by scalar is distributive with respect to vector addition. a(x+ y) = ax+ ay

(b) multiplication by vetors is distributive with respect to scalar addition (a+ b)x = ax+ by

We need to be able to 
add 2 vectors → vector

commutative associative

Identity over +

associativeIdentity over x distributivedistributive
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Mathematical Vector Space Examples

• Set of all complex numbers
• Set of all polynomials
• Set of all n-tuples of real numbers 

Definition. (Halmos) A vector space is a set V of elements called vectors satisfying the following axioms:

1. To every pair x and y of vectors in V there corresponds a vector x + y called the sum of x and y in

such a way that

(a) addition is commutative, x+ y = y + x

(b) addition is associative, x+ (y + z) = (x+ y) + z

(c) there exists in V a unique vector 0 (called the origin) such that x+ 0 = x for ever vector x, and

(d) to every vector x in V there corresponds a unique vector �x such that x+ (�x) = 0

2. To every pair a and x where a is a scalar and x is a vector in V , there corresponds a vector ax in V
called the product of a and x in such a way that

(a) multiplication by scalars is associative a(bx) = (ab)x, and

(b) 1x = x for every vector x.

3. (a) Multiplications by scalar is distributive with respect to vector addition. a(x+ y) = ax+ ay

(b) multiplication by vetors is distributive with respect to scalar addition (a+ b)x = ax+ by

RN

The vector space 
used in scientific 

computing
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Computer Representation of Vector Space
Definition. (Halmos) A vector space is a set V of elements called vectors satisfying the following axioms:

1. To every pair x and y of vectors in V there corresponds a vector x + y called the sum of x and y in

such a way that

(a) addition is commutative, x+ y = y + x

(b) addition is associative, x+ (y + z) = (x+ y) + z

(c) there exists in V a unique vector 0 (called the origin) such that x+ 0 = x for ever vector x, and

(d) to every vector x in V there corresponds a unique vector �x such that x+ (�x) = 0

2. To every pair a and x where a is a scalar and x is a vector in V , there corresponds a vector ax in V
called the product of a and x in such a way that

(a) multiplication by scalars is associative a(bx) = (ab)x, and

(b) 1x = x for every vector x.

3. (a) Multiplications by scalar is distributive with respect to vector addition. a(x+ y) = ax+ ay

(b) multiplication by vetors is distributive with respect to scalar addition (a+ b)x = ax+ by

We need to be able to 
add 2 vectors → vector

commutative associative

Identity over +

associativeIdentity over x distributive
distributive
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Computer Representation of Vector Space
Definition. (Halmos) A vector space is a set V of elements called vectors satisfying the following axioms:

1. To every pair x and y of vectors in V there corresponds a vector x + y called the sum of x and y in

such a way that

(a) addition is commutative, x+ y = y + x

(b) addition is associative, x+ (y + z) = (x+ y) + z

(c) there exists in V a unique vector 0 (called the origin) such that x+ 0 = x for ever vector x, and

(d) to every vector x in V there corresponds a unique vector �x such that x+ (�x) = 0

2. To every pair a and x where a is a scalar and x is a vector in V , there corresponds a vector ax in V
called the product of a and x in such a way that

(a) multiplication by scalars is associative a(bx) = (ab)x, and

(b) 1x = x for every vector x.

3. (a) Multiplications by scalar is distributive with respect to vector addition. a(x+ y) = ax+ ay

(b) multiplication by vetors is distributive with respect to scalar addition (a+ b)x = ax+ by

We need to be able to 
add 2 vectors → vector

commutative associative

Identity over +

associativeIdentity over x distributive
distributive

C++ does not have 
an n-tuple type with 
these properties

Create our own
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Classes
• First principles: Abstraction, simplicity, consistent specification
• Domain: Scientific computing
• Domain abstractions: Matrices and vectors
• Programming abstractions: Matrix and Vector

• C++ classes enable encapsulation of related data and functions
• User-defined types
• Provides visible interface
• Hides implementation

29



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

std::vector<double>
• Before rushing off to implement fancy interfaces
• Understand what we are working with
• And how hardware and software interact
• std::vector<double> will be our storage
• But its interface won’t be our interface

– Doesn’t have associated arithmetic operations
– We will gradually build up to complete Vector
– And complete Matrix

Hardware

Software
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The Standard Template Library
• In early-mid 90s Stepanov, Musser, Lee applied 

principles of generic programming to C++
• Leveraged templates / parametric polymorphism 

Alexander Stepanov and Paul McJones. 
2009. Elements of Programming (1st 
ed.). Addison-Wesley Professional.

std::set
std::list
std::map
std::vector
...

std::for_each
std::sort
std::accumulate
std::min_element
...

Containers AlgorithmsIterators

ForwardIterator
ReverseIterator
RandomAccessIterator
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Generic Programming
• Algorithms are generic (parametrically polymorphic)
• Algorithms can be used on any type that meets algorithmic reqts

– Valid expressions, associated types
– Not just std. ::types

vector<double> arrary(N);
...

std::accumulate(array.begin(), array.end(), 0.0);

Standard Library container

iterator iterator Initial value
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std Containers
• Note that all containers 

have same interface
• (Actually a hierarchy, 

we’ll come back to this)
• We will primarily be 

focusing on vector

Headers <vector> <deque> <list>
Members vector deque list

constructor vector deque list
operator= operator= operator= operator=

iterators
begin begin begin begin
end end end end

capacity

size size size size
max_size max_size max_size max_size
empty empty empty empty
resize resize resize resize

element 
access

front front front front
back back back back
operator[] operator[] operator[]

modifiers

insert insert insert insert
erase erase erase erase
push_back push_back push_back push_back
pop_back pop_back pop_back pop_back
swap swap swap swap
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http://www.cplusplus.com/list::push_back
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http://www.cplusplus.com/list::pop_back
http://www.cplusplus.com/vector::swap
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std Containers
• std containers “contain” elements

vector<double> array(N);
vector of doubles

vector<int> array(N);
vector of ints

list<vector<complex<double> > > thing;

list of vectors of complex doubles

• Implementation of list, vector, complex is the same regardless of what 
is being contained
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Generic Programming
• Algorithms are generic (parametrically polymorphic)
• Algorithms can be used on any type that meets algorithmic reqts

– Valid expressions, associated types
– Not just std. ::types

Standard Library container

iterator iterator Initial value

list<vector<complex<double> > > thing(N);
...

std::accumulate(thing.begin(), thing.end(), 0.0);
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std Containers
• The std containers are class templates (not “template classes”)

template <typename T> class vector;
template <typename T> class dequeue;
template <typename T> class list;

What follows is 
a template

The template 
parameter is a 

type placeholder

A class 
template

vector<double>• Don’t need details for now
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Our goal
• Extract maximal performance from one core, multiple cores, multiple 

machines for computational (and data) science
• Two algorithms: matrix-matrix product, (sparse) matrix-vector product

A,B,C 2 RN⇥N Cij =
X

k

AikBkjC = A⇥B

What does 
the hard-
ware do?

Matrix A(M,N);
...
for (int i = 0; i < N; ++i)

for (int j = 0; j < N; ++j)
for (int k = 0; k < N; ++k)
C(i,j) += A(i,k) * B(k,j)

Hardware

Software

37



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

Classes
• First principles: Abstraction, simplicity, consistent specification
• Domain: Scientific computing
• Domain abstractions: Matrices and vectors
• Programming abstractions: Matrix and Vector

• C++ classes enable encapsulation of related data and functions
• User-defined types
• Provides visible interface
• Hides implementation
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Vector desiderata
• Mathematically we say let
• There are N real number elements
• Accessed with subscript
• (Vectors can be scaled, added)

• Programming abstraction
• Create a Vector with N elements
• Access elements with “subscript”

v 2 RN

int main() {
size_t num_rows = 1024;

Vector v1(num_rows);

for (size_t i = 0; i < v1.num_rows(); ++i) {
v1(i) = i;

}

return 0;
}

<latexit sha1_base64="cafcSc7sYLMsZOJjGyBo6WysGT0="></latexit><latexit sha1_base64="cafcSc7sYLMsZOJjGyBo6WysGT0="></latexit><latexit sha1_base64="cafcSc7sYLMsZOJjGyBo6WysGT0="></latexit><latexit sha1_base64="cafcSc7sYLMsZOJjGyBo6WysGT0="></latexit>

Declare (construct) a Vector 
with num_rows elements

Access elements with 
subscript (index)
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Anatomy of a C++ class
class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};

Declares an 
interface

Hides 
implementation
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C++ Core Guidelines related to classes
• C.1: Organize related data into structures (structs or classes)
• C.3: Represent the distinction between an interface and an 

implementation using a class
• C.4: Make a function a member only if it needs direct access to the 

representation of a class
• C.10: Prefer concrete types over class hierarchies
• C.11: Make concrete types regular

http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines

41

http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines


AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

class Vector {
size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit>

Anatomy of Classes and Structs in C++
Declare our own type Name of our type

Groups together pieces 
of logically related data 

(abstraction!)

A vector has row size and 
column size (M and N)

A vector has its 1D 
storage object

Compound Data Type
Data Structure

Record
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class Vector {
size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit>

Anatomy of Classes and Structs in C++

A vector has a number of
rows (M)

A vector has its 1D 
storage object

A class is a formula for 
what an object will be

If I declare something to be of 
type Vector, I have instantiated 

an object of type Vector 

Each Vector contains its 
own data: its own M 
and its own storage_

Each Vector contains 
its own data: M, and 

storage_

Any Vector has its size 
and data bound together 
as a single entity (object) 

Vector A;
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Vector B;
<latexit sha1_base64="bnCN1pGZGSa+UvT3eLZQrRXqTAY=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQounFZwT6gDWUyuWmHTiZhZiKU0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd79yO//gxSsVg86X4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1LfHdtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0sFco307hy6BidoDPkogtURg+ogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3L7sIrCY=</latexit><latexit sha1_base64="bnCN1pGZGSa+UvT3eLZQrRXqTAY=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQounFZwT6gDWUyuWmHTiZhZiKU0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd79yO//gxSsVg86X4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1LfHdtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0sFco307hy6BidoDPkogtURg+ogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3L7sIrCY=</latexit><latexit sha1_base64="bnCN1pGZGSa+UvT3eLZQrRXqTAY=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQounFZwT6gDWUyuWmHTiZhZiKU0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd79yO//gxSsVg86X4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1LfHdtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0sFco307hy6BidoDPkogtURg+ogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3L7sIrCY=</latexit><latexit sha1_base64="bnCN1pGZGSa+UvT3eLZQrRXqTAY=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQounFZwT6gDWUyuWmHTiZhZiKU0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd79yO//gxSsVg86X4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1LfHdtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0sFco307hy6BidoDPkogtURg+ogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3L7sIrCY=</latexit>

size_t M;
std::vector<double> storage_;

<latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit>

size_t M;
std::vector<double> storage_;

<latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit>
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size_t foo = x.M;
<latexit sha1_base64="t/yR50SYbTkDSKW+baO6EjPzfbU="></latexit><latexit sha1_base64="t/yR50SYbTkDSKW+baO6EjPzfbU="></latexit><latexit sha1_base64="t/yR50SYbTkDSKW+baO6EjPzfbU="></latexit><latexit sha1_base64="t/yR50SYbTkDSKW+baO6EjPzfbU="></latexit>

class Vector {
size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit>

Classes and Structs in C++ (Usage)

Vector 
object x

Data 
Member M

Dot means evaluate 
the M belonging to x Acts just 

like a size_t

Read 
from it

Write 
to it

size_t M;
std::vector<double> storage_;

<latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit>

size_t M;
std::vector<double> storage_;

<latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit><latexit sha1_base64="APJp9PBGcuAKYhzUjhZWQADQV98="></latexit>

size_t foo = x.M;
y.M = 42;

<latexit sha1_base64="v7D0j9zDRC6ex9BnvztmqBkHl0M="></latexit><latexit sha1_base64="v7D0j9zDRC6ex9BnvztmqBkHl0M="></latexit><latexit sha1_base64="v7D0j9zDRC6ex9BnvztmqBkHl0M="></latexit><latexit sha1_base64="v7D0j9zDRC6ex9BnvztmqBkHl0M="></latexit>

x.storage_[27] = 3.14;
<latexit sha1_base64="oC9U0Q4F+N/yX0YD+tbBTewMdRw="></latexit><latexit sha1_base64="oC9U0Q4F+N/yX0YD+tbBTewMdRw="></latexit><latexit sha1_base64="oC9U0Q4F+N/yX0YD+tbBTewMdRw="></latexit><latexit sha1_base64="oC9U0Q4F+N/yX0YD+tbBTewMdRw="></latexit>

Vector x;
<latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit><latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit><latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit><latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit>

Vector y;
<latexit sha1_base64="fHPmCwqnsks3S2nitfIWwo00vxY=">AAACNHicbVDLSsNAFJ3UV42vqks3g0UQhJJ0o6JCwY3LCvYBbSiTyU07dDIJMxOhhH6EX9OtfoYLV+LWjT/g9CH04VkdzrnP4yecKe0471ZubX1jcyu/be/s7u0fFA6P6ipOJYUajXksmz5RwJmAmmaaQzORQCKfQ8Pv34/9xjNIxWLxpAcJeBHpChYySrSROoWLtg9dJrKICQ3BMKNJMrTrQHUs8eDGboMI/jy7Uyg6JWcCvErcGSmiGaqdwk87iGkagdCUE6VarpNoLyNSM8phaLdTBQmhfdKFlqGCRKC8bPLUEJ8ZJcChuSOMhcYTdb4jI5FSg8g3lRHRPbXsjcX/vFaqwysvYyJJNQg6XRSmHOsYjxPCAZPmfz4whFDJzK2Y9ogkVJscFyZRQntwFxKuwJtPyV3OZJXUyqXrkvtYLlZuZ3Hl0Qk6RefIRZeogh5QFdUQRS9ohF7RmzWyPqxP62tamrNmPcdoAdb3LxiMrF0=</latexit><latexit sha1_base64="fHPmCwqnsks3S2nitfIWwo00vxY=">AAACNHicbVDLSsNAFJ3UV42vqks3g0UQhJJ0o6JCwY3LCvYBbSiTyU07dDIJMxOhhH6EX9OtfoYLV+LWjT/g9CH04VkdzrnP4yecKe0471ZubX1jcyu/be/s7u0fFA6P6ipOJYUajXksmz5RwJmAmmaaQzORQCKfQ8Pv34/9xjNIxWLxpAcJeBHpChYySrSROoWLtg9dJrKICQ3BMKNJMrTrQHUs8eDGboMI/jy7Uyg6JWcCvErcGSmiGaqdwk87iGkagdCUE6VarpNoLyNSM8phaLdTBQmhfdKFlqGCRKC8bPLUEJ8ZJcChuSOMhcYTdb4jI5FSg8g3lRHRPbXsjcX/vFaqwysvYyJJNQg6XRSmHOsYjxPCAZPmfz4whFDJzK2Y9ogkVJscFyZRQntwFxKuwJtPyV3OZJXUyqXrkvtYLlZuZ3Hl0Qk6RefIRZeogh5QFdUQRS9ohF7RmzWyPqxP62tamrNmPcdoAdb3LxiMrF0=</latexit><latexit sha1_base64="fHPmCwqnsks3S2nitfIWwo00vxY=">AAACNHicbVDLSsNAFJ3UV42vqks3g0UQhJJ0o6JCwY3LCvYBbSiTyU07dDIJMxOhhH6EX9OtfoYLV+LWjT/g9CH04VkdzrnP4yecKe0471ZubX1jcyu/be/s7u0fFA6P6ipOJYUajXksmz5RwJmAmmaaQzORQCKfQ8Pv34/9xjNIxWLxpAcJeBHpChYySrSROoWLtg9dJrKICQ3BMKNJMrTrQHUs8eDGboMI/jy7Uyg6JWcCvErcGSmiGaqdwk87iGkagdCUE6VarpNoLyNSM8phaLdTBQmhfdKFlqGCRKC8bPLUEJ8ZJcChuSOMhcYTdb4jI5FSg8g3lRHRPbXsjcX/vFaqwysvYyJJNQg6XRSmHOsYjxPCAZPmfz4whFDJzK2Y9ogkVJscFyZRQntwFxKuwJtPyV3OZJXUyqXrkvtYLlZuZ3Hl0Qk6RefIRZeogh5QFdUQRS9ohF7RmzWyPqxP62tamrNmPcdoAdb3LxiMrF0=</latexit><latexit sha1_base64="fHPmCwqnsks3S2nitfIWwo00vxY=">AAACNHicbVDLSsNAFJ3UV42vqks3g0UQhJJ0o6JCwY3LCvYBbSiTyU07dDIJMxOhhH6EX9OtfoYLV+LWjT/g9CH04VkdzrnP4yecKe0471ZubX1jcyu/be/s7u0fFA6P6ipOJYUajXksmz5RwJmAmmaaQzORQCKfQ8Pv34/9xjNIxWLxpAcJeBHpChYySrSROoWLtg9dJrKICQ3BMKNJMrTrQHUs8eDGboMI/jy7Uyg6JWcCvErcGSmiGaqdwk87iGkagdCUE6VarpNoLyNSM8phaLdTBQmhfdKFlqGCRKC8bPLUEJ8ZJcChuSOMhcYTdb4jI5FSg8g3lRHRPbXsjcX/vFaqwysvYyJJNQg6XRSmHOsYjxPCAZPmfz4whFDJzK2Y9ogkVJscFyZRQntwFxKuwJtPyV3OZJXUyqXrkvtYLlZuZ3Hl0Qk6RefIRZeogh5QFdUQRS9ohF7RmzWyPqxP62tamrNmPcdoAdb3LxiMrF0=</latexit>
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#include <vector>

class Vector {
size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="eIdFiGPqAjaD/JqcUeJtBN1a9Fs="></latexit><latexit sha1_base64="eIdFiGPqAjaD/JqcUeJtBN1a9Fs="></latexit><latexit sha1_base64="eIdFiGPqAjaD/JqcUeJtBN1a9Fs="></latexit><latexit sha1_base64="eIdFiGPqAjaD/JqcUeJtBN1a9Fs="></latexit>

Aside (Hygiene)

Fully qualified type

Recall core guideline: No 
“using” statements in 
header files

Hygiene for code 
you are sharing 
with others

Include declarations

Using the 
std::vector class
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Member Functions
• Bundling together related data is deeper than just putting them 

together into a single object for convenience
• There are also invariants that need to be maintained 
• So we can’t just let the user do whatever they want to the data
• (And, again, we want to hide implementation from interface)

class Vector {
size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit>
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class Vector {
size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit><latexit sha1_base64="8xVaGD7LZ/hHp/N4v0pkWUNYp18="></latexit>

Invariants
• For example Should always 

be positive
And never 
change (?)

Size must 
always be M

• Things we can do with this interface that make no sense
x is a vector, size() 
has no meaning

Can’t arbitrarily change 
vector dimension

Vector x;
<latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit><latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit><latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit><latexit sha1_base64="u6cb5tg+c4MtgOjAdj7hsWHwabM=">AAACNHicbVDLSsNAFJ34rPFVdelmsAiCUJJuVFQouHFZwT6gDWUyuWmHTiZhZiKW0I/wa7rVz3DhSty68QecPoQ+PKvDOfd5/IQzpR3n3VpZXVvf2Mxt2ds7u3v7+YPDmopTSaFKYx7Lhk8UcCagqpnm0EgkkMjnUPd7dyO//gRSsVg86n4CXkQ6goWMEm2kdv685UOHiSxiQkMwyGiSDOwaUB1L/Hxtt0AEf57dzhecojMGXibulBTQFJV2/qcVxDSNQGjKiVJN10m0lxGpGeUwsFupgoTQHulA01BBIlBeNn5qgE+NEuDQ3BHGQuOxOtuRkUipfuSbyojorlr0RuJ/XjPV4aWXMZGkGgSdLApTjnWMRwnhgEnzP+8bQqhk5lZMu0QSqk2Oc5MooV24DQlX4M2m5C5mskyqpeJV0X0oFco307hy6BidoDPkogtURveogqqIohc0RK/ozRpaH9an9TUpXbGmPUdoDtb3LxbZrFw=</latexit>

size_t len = x.storage_.size();
<latexit sha1_base64="ZKyvrxtaKDIYphcEUDa1v8cQLfI="></latexit><latexit sha1_base64="ZKyvrxtaKDIYphcEUDa1v8cQLfI="></latexit><latexit sha1_base64="ZKyvrxtaKDIYphcEUDa1v8cQLfI="></latexit><latexit sha1_base64="ZKyvrxtaKDIYphcEUDa1v8cQLfI="></latexit>

x.M = x.M - 1;
<latexit sha1_base64="uU7oRfYGFiTTV/ClhMeBdlTo3mY="></latexit><latexit sha1_base64="uU7oRfYGFiTTV/ClhMeBdlTo3mY="></latexit><latexit sha1_base64="uU7oRfYGFiTTV/ClhMeBdlTo3mY="></latexit><latexit sha1_base64="uU7oRfYGFiTTV/ClhMeBdlTo3mY="></latexit>
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Vector x;

size_t foo = x.num_rows();

x.num_rows() = 5;

size_t bar = num_rows(x);
<latexit sha1_base64="yQYK7tBRbVjRJjM1OrPpT9rrqt4="></latexit><latexit sha1_base64="yQYK7tBRbVjRJjM1OrPpT9rrqt4="></latexit><latexit sha1_base64="yQYK7tBRbVjRJjM1OrPpT9rrqt4="></latexit><latexit sha1_base64="yQYK7tBRbVjRJjM1OrPpT9rrqt4="></latexit>

class Vector {
size_t num_rows();

size_t M;
std::vector<double> storage_;

};
<latexit sha1_base64="nXaRFoMe4gwvJvoBL2kExNxy4yg="></latexit><latexit sha1_base64="nXaRFoMe4gwvJvoBL2kExNxy4yg="></latexit><latexit sha1_base64="nXaRFoMe4gwvJvoBL2kExNxy4yg="></latexit><latexit sha1_base64="nXaRFoMe4gwvJvoBL2kExNxy4yg="></latexit>

Member Functions: Interface vs Implementation
Member functions also 

bundled with class

Return number of 
rows of vector

Call the member 
function num_rows

on object x

Returns a value in 
this case (see class 

definition)

Need to invoke as 
member

Can still 
access these

48



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="EiKGVPyA7PV76IJxsFN10dBi/S4="></latexit><latexit sha1_base64="EiKGVPyA7PV76IJxsFN10dBi/S4="></latexit><latexit sha1_base64="EiKGVPyA7PV76IJxsFN10dBi/S4="></latexit><latexit sha1_base64="EiKGVPyA7PV76IJxsFN10dBi/S4="></latexit>

Vector x;

size_t foo = x.num_rows_;

size_t bar = x.num_rows();
<latexit sha1_base64="QW5g0TBxFvRvafOX1BzPi0Kxuxg="></latexit><latexit sha1_base64="QW5g0TBxFvRvafOX1BzPi0Kxuxg="></latexit><latexit sha1_base64="QW5g0TBxFvRvafOX1BzPi0Kxuxg="></latexit><latexit sha1_base64="QW5g0TBxFvRvafOX1BzPi0Kxuxg="></latexit>

Interface vs Implementation
Anything public can be 
accessed outside the 

scope of the class

Anything private can 
only be accessed inside
the scope of the class

Cannot 
access 

private data

Can call public 
member 
functionMore Hygiene: Never

make member data public
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#include "Vector.hpp"

size_t Vector::num_rows() {
return rum_rows_;

}
<latexit sha1_base64="JkvB6rZX/k0OQPWBTr7kbpNs87Q="></latexit><latexit sha1_base64="JkvB6rZX/k0OQPWBTr7kbpNs87Q="></latexit><latexit sha1_base64="JkvB6rZX/k0OQPWBTr7kbpNs87Q="></latexit><latexit sha1_base64="JkvB6rZX/k0OQPWBTr7kbpNs87Q="></latexit>

#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

size_t num_rows() const;

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="WcukO3KQfTLdZdwbB2+Nss1OySQ="></latexit><latexit sha1_base64="WcukO3KQfTLdZdwbB2+Nss1OySQ="></latexit><latexit sha1_base64="WcukO3KQfTLdZdwbB2+Nss1OySQ="></latexit><latexit sha1_base64="WcukO3KQfTLdZdwbB2+Nss1OySQ="></latexit>

Interface and Implementation
• Convention: Interface in .hpp and Implementation in .cpp
• (One pair per class)

Vector.hpp Vector.cpp

Declare member 
function num_rows()

Implementation

Vector scope Access 
private data
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#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

size_t num_rows() const { return num_rows; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="9g2UTNkGq3t8rVX5yYM5y0in32o="></latexit><latexit sha1_base64="9g2UTNkGq3t8rVX5yYM5y0in32o="></latexit><latexit sha1_base64="9g2UTNkGq3t8rVX5yYM5y0in32o="></latexit><latexit sha1_base64="9g2UTNkGq3t8rVX5yYM5y0in32o="></latexit>

Interface and Implementation
• For short functions, you can put implementation in the header
• (Necessary for class and function templates)

Vector.hpp

51



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

The Vector class so Far
• Encapsulates vector data
• Member data for dimensions (rows) and for storing elements
• Member function to get number of rows
• Separate interface and implementation via public / private

• Three more things: 
– How to bring a Vector into being (“constructors”)
– Function for getting vector data
– Function for setting vector data

• Bonus: Assignment and operator()
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Constructors
• The C++ compiler “knows” about built-in types
• When a variable of a built-in type is declared, the compiler just needs 

to allocate space for it
• C++ classes are user-defined
• Compiler can do its best (default constructor), but usually we need to 

do more to create a well-defined object

• For example, a well-defined vector should be given its (positive) 
dimension when it is created.  (And the data initialized.)
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int x = 42;

Vector x;

Vector x(27);

std::cout << "x is " << x.num_rows() << " in length." << std::cout;
<latexit sha1_base64="CXmgOQc/PId9axuwekOe+CexEmY="></latexit><latexit sha1_base64="CXmgOQc/PId9axuwekOe+CexEmY="></latexit><latexit sha1_base64="CXmgOQc/PId9axuwekOe+CexEmY="></latexit><latexit sha1_base64="CXmgOQc/PId9axuwekOe+CexEmY="></latexit>

Constructors
Built-in type, compiler 

allocates known 
amount of space

Compiler creates x with 
default constructor

Default constructor is 
invoked when variable is 
declared with no arguments

Compiler creates x with 
specific constructor

In this case, 
creates a 27 

element Vector
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#include <vector>

class Vector {
public:

Vector();
Vector(size_t M);

size_t num_rows() const { return num_rows; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="ht2psidEKDFZgvNnWUCdfL7ojwI="></latexit><latexit sha1_base64="ht2psidEKDFZgvNnWUCdfL7ojwI="></latexit><latexit sha1_base64="ht2psidEKDFZgvNnWUCdfL7ojwI="></latexit><latexit sha1_base64="ht2psidEKDFZgvNnWUCdfL7ojwI="></latexit>

Declaring Constructors

A constructor is 
defined using the 
name of the class

And then the arguments

Can be overloaded (different 
functions distinguished by 

argument types)

Where have we 
already seen 
overloading?
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#include <vector>

class Vector {
public:

Vector();
Vector(size_t M);

size_t num_rows() const { return num_rows; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="tIV3jjukUjv1cLxf8RFIjwfdwUY="></latexit><latexit sha1_base64="tIV3jjukUjv1cLxf8RFIjwfdwUY="></latexit><latexit sha1_base64="tIV3jjukUjv1cLxf8RFIjwfdwUY="></latexit><latexit sha1_base64="tIV3jjukUjv1cLxf8RFIjwfdwUY="></latexit>

Defining Constructors

Vector.hpp
#include "Vector.hpp"

Vector::Vector(size_t M) {
num_rows_ = M;
storage_ = std::vector<double>(num_rows);

}

Vector::Vector() {
num_rows_ = 1;
storage_ = std::vector<double>(num_rows_);

}
<latexit sha1_base64="RN9l8bw5lE4wzg896L6Nlq5kjdw="></latexit><latexit sha1_base64="RN9l8bw5lE4wzg896L6Nlq5kjdw="></latexit><latexit sha1_base64="RN9l8bw5lE4wzg896L6Nlq5kjdw="></latexit><latexit sha1_base64="RN9l8bw5lE4wzg896L6Nlq5kjdw="></latexit>

Vector.cpp
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#include <vector>

class Vector {
public:

Vector() {
num_rows_ = 1;
storage_ = std::vector<double>(num_rows);

}
Vector(size_t M) {
num_rows_ = M;
storage_ = std::vector<double>(num_rows);

}

size_t num_rows() const { return num_rows; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="B/ExO95+CB7aOX1fhQGmWF03QJ0="></latexit><latexit sha1_base64="B/ExO95+CB7aOX1fhQGmWF03QJ0="></latexit><latexit sha1_base64="B/ExO95+CB7aOX1fhQGmWF03QJ0="></latexit><latexit sha1_base64="B/ExO95+CB7aOX1fhQGmWF03QJ0="></latexit>

Defining Constructors
Vector.hpp
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Initialization
• We have said that variables should always be initialized
• Different syntaxes

int a = 42;

int b = int(42);

int c(42);

int d = { 42 };

std::vector<double> x = std::vector<double>(27);

std::vector<double> y(27);
<latexit sha1_base64="lZwdJIRYm9SuzQLsDYnrt0ZqnmI="></latexit><latexit sha1_base64="lZwdJIRYm9SuzQLsDYnrt0ZqnmI="></latexit><latexit sha1_base64="lZwdJIRYm9SuzQLsDYnrt0ZqnmI="></latexit><latexit sha1_base64="lZwdJIRYm9SuzQLsDYnrt0ZqnmI="></latexit>

c(42)

y(27)
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#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows) {}

size_t num_rows() const { return num_rows; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="y41z162Hx0RM/GG/SlLP/i9FU04="></latexit><latexit sha1_base64="y41z162Hx0RM/GG/SlLP/i9FU04="></latexit><latexit sha1_base64="y41z162Hx0RM/GG/SlLP/i9FU04="></latexit><latexit sha1_base64="y41z162Hx0RM/GG/SlLP/i9FU04="></latexit>

Defining Constructors
Vector.hpp

Initialization syntax
Introduce with :

Construct data members

Omit default 
constructor

(why?)

59



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

#include <vector>

class Vector {
public:

double get(size_t i) {
return storage_[i];

}

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="klTxeOPoFzaYOVl/kyXtKDXmIhU="></latexit><latexit sha1_base64="klTxeOPoFzaYOVl/kyXtKDXmIhU="></latexit><latexit sha1_base64="klTxeOPoFzaYOVl/kyXtKDXmIhU="></latexit><latexit sha1_base64="klTxeOPoFzaYOVl/kyXtKDXmIhU="></latexit>

Accessors

Look up the value 
at location i

Return it by value 
(copy)
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#include <vector>

class Vector {
public:

double get(size_t i) {
return storage_[i];

}

void set(size_t i, double val) {
storage_[i] = val;

}

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="YtcM8PvJmU0Fs90UHDck1AuG4Ps="> 5UYZRPYj6i0MFzItDIGzqYO9dUqDKi1nKNH4F4IR+WZHatMGK1Kta4vrjrA/3WKrWDwIXKTHCt+J6Hc2Eq6W1vr5pJuO73dxvtG68tu/bBb7W/de+W99ra9lvfOO/Q+eSdez2P+T/+X/9v/U/tcS2pZ7WqeuuZXnJfeitW+/wMkfDc0</latexit><latexit sha1_base64="YtcM8PvJmU0Fs90UHDck1AuG4Ps="> 5UYZRPYj6i0MFzItDIGzqYO9dUqDKi1nKNH4F4IR+WZHatMGK1Kta4vrjrA/3WKrWDwIXKTHCt+J6Hc2Eq6W1vr5pJuO73dxvtG68tu/bBb7W/de+W99ra9lvfOO/Q+eSdez2P+T/+X/9v/U/tcS2pZ7WqeuuZXnJfeitW+/wMkfDc0</latexit><latexit sha1_base64="YtcM8PvJmU0Fs90UHDck1AuG4Ps="> 5UYZRPYj6i0MFzItDIGzqYO9dUqDKi1nKNH4F4IR+WZHatMGK1Kta4vrjrA/3WKrWDwIXKTHCt+J6Hc2Eq6W1vr5pJuO73dxvtG68tu/bBb7W/de+W99ra9lvfOO/Q+eSdez2P+T/+X/9v/U/tcS2pZ7WqeuuZXnJfeitW+/wMkfDc0</latexit><latexit sha1_base64="YtcM8PvJmU0Fs90UHDck1AuG4Ps="> 5UYZRPYj6i0MFzItDIGzqYO9dUqDKi1nKNH4F4IR+WZHatMGK1Kta4vrjrA/3WKrWDwIXKTHCt+J6Hc2Eq6W1vr5pJuO73dxvtG68tu/bBb7W/de+W99ra9lvfOO/Q+eSdez2P+T/+X/9v/U/tcS2pZ7WqeuuZXnJfeitW+/wMkfDc0</latexit>

Accessors

Look up location i

Pass by value

Assign the element 
at location to i to 

value val

lvalue vs rvalue
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Vector x(10);

for (size_t i = 0; i < x.num_rows(); ++i) {
x.set(i, 1.0)

}
<latexit sha1_base64="kEwxU6m/ABuB8l/3bRjboKPeEhA="></latexit><latexit sha1_base64="kEwxU6m/ABuB8l/3bRjboKPeEhA="></latexit><latexit sha1_base64="kEwxU6m/ABuB8l/3bRjboKPeEhA="></latexit><latexit sha1_base64="kEwxU6m/ABuB8l/3bRjboKPeEhA="></latexit>

Accessors
• Example – make a Vector of all ones

• Not a very natural syntax
• Asymmetric for get and set – mathematically we say x(i) regardless

Really want to say
x(i) = 1.0;

<latexit sha1_base64="RNouMaSoJh+QyU/X4d7rCm/QQH4="></latexit><latexit sha1_base64="RNouMaSoJh+QyU/X4d7rCm/QQH4="></latexit><latexit sha1_base64="RNouMaSoJh+QyU/X4d7rCm/QQH4="></latexit><latexit sha1_base64="RNouMaSoJh+QyU/X4d7rCm/QQH4="></latexit>
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operator Functions
• C++ has special function names for functions with operator syntax
• Suppose I want to be able to write an expression to add two vectors

This says to add 
the vectors

Which would 
you rather read?

Vector x(5), y(5), z(5);

z = x + y;
<latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit>

for (size_t i = 0; i < x.num_rows(); ++i) {
double tmp = x.get(i) + y.get(i);
z.set(i, tmp);

}
<latexit sha1_base64="naGIgkeh3C54JroQ8mh3YpdkaU8="></latexit><latexit sha1_base64="naGIgkeh3C54JroQ8mh3YpdkaU8="></latexit><latexit sha1_base64="naGIgkeh3C54JroQ8mh3YpdkaU8="></latexit><latexit sha1_base64="naGIgkeh3C54JroQ8mh3YpdkaU8="></latexit>
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#include <vector>

class Vector {
public:

Vector add(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit><latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit><latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit><latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit>

operator Functions
Member 

function add()

Takes another Vector 
as an argument

And returns 
a Vector

And returns 
a Vector

Member 
function add()

Takes another Vector 
as an argument

Vector x(5), y(5), z(5);

z = x.add(y);
<latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit><latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit><latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit><latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit> Want z = x + y;
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#include <vector>

class Vector {
public:

Vector add(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit><latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit><latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit><latexit sha1_base64="Sn2677rxBsnXs3kY9ZgzPYvmtFw="></latexit>

Before
Member 

function add()

Takes another Vector 
as an argument

And returns 
a Vector

And returns 
a Vector

Member 
function add()

Takes another Vector 
as an argument

Vector x(5), y(5), z(5);

z = x.add(y);
<latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit><latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit><latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit><latexit sha1_base64="NVVfckjq2WYSu2BDy2dsOYRO0Qg="></latexit> Want z = x + y;
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Vector x(5), y(5), z(5);

z = x.operator+(y);
<latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit>

#include <vector>

class Vector {
public:

Vector operator+(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit>

After
Member function 

operator+()

Takes another Vector 
as an argument

And returns 
a Vector

And returns 
a Vector

Member 
operator+

Takes another Vector 
as an argument

Want z = x + y;
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Vector x(5), y(5), z(5);

z = x.operator+(y);
<latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit>

#include <vector>

class Vector {
public:

Vector operator+(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit>

Operator functions
Member function 

operator+()

Takes another Vector 
as an argument

And returns 
a Vector

And returns 
a Vector

Member 
operator+

Takes another Vector 
as an argument

Want z = x + y;

Just a 
function
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operator Functions
• Time out!

• Make sure you understand two things
• The way we defined the member function add()

– Like any member function
• All we did was change the name from “add” to “operator+”
• operator+ is just a member function

• Explain this to a classmate, a friend, yourself, someone on line to 
make sure you understand this

There is a leap 
coming, and you 

need to be here to 
make that leap
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#include <vector>

class Vector {
public:

Vector operator+(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit>

operator Functions
• C++ has a special magic syntax with operator functions

We’ve defined the 
member function 
named operator+

We invoke a member 
function like this

We can write it 
like this!

Vector x(5), y(5), z(5);

z = x.operator+(y);
<latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit>

Vector x(5), y(5), z(5);

z = x + y;
<latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit>

Still calls 
operator+()s
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#include <vector>

class Vector {
public:

Vector operator+(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit>

operator Functions
• C++ has a special magic syntax with operator functions

Vector x(5), y(5), z(5);

z = x.operator+(y);
<latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit><latexit sha1_base64="n76ZcTFUxT9tVkruAn8NUCQy4ng="></latexit>

Vector x(5), y(5), z(5);

z = x + y;
<latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit><latexit sha1_base64="gMrq+2+J1BtJkRzVs6+INza+Bdc="></latexit>

One argument 
passed in here

We invoke a member 
function like this, with 

one argument
Two operands 

here

And, the operator 
we will look at 
next is a little 

more confusing
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Before

#include <vector>

class Vector {
public:

Vector operator+(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit>
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After

#include <vector>

class Vector {
public:

double operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="3u2MABLVzZ86dw3LeusAsMnzwlg="></latexit><latexit sha1_base64="3u2MABLVzZ86dw3LeusAsMnzwlg="></latexit><latexit sha1_base64="3u2MABLVzZ86dw3LeusAsMnzwlg="></latexit><latexit sha1_base64="3u2MABLVzZ86dw3LeusAsMnzwlg="></latexit>
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class Vector {
public:

double operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit>

operator Functions
• The next operator isn’t a binary operator between two objects

This member function 
is called “operator()”

The first parens are part 
of the function name

Invoke the member function 
operator() with argument 3

Invoke the 
member function 

operator() with 
argument 3

i is a  function 
parameter

Vector x(5);
double foo = x.operator()(3);

<latexit sha1_base64="xYrB9KuqwigHzoYvj38Q9v7DrVo="></latexit><latexit sha1_base64="xYrB9KuqwigHzoYvj38Q9v7DrVo="></latexit><latexit sha1_base64="xYrB9KuqwigHzoYvj38Q9v7DrVo="></latexit><latexit sha1_base64="xYrB9KuqwigHzoYvj38Q9v7DrVo="></latexit>

Vector x(5);
double foo = x(3);

<latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit><latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit><latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit><latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit>
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class Vector {
public:

double operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit>

What Should operator() return?
Returns a value

So we can do this But not this

Return by value is like 
pass by value – it’s a 

temporary copy

But we want 
to do both!

Vector x(5);
double foo = x(3);

<latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit><latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit><latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit><latexit sha1_base64="U0ANTMYSzWBhpsgh/+eyJoD/Ipk="></latexit>

Vector x(5);
x(3) = 0.0;

<latexit sha1_base64="dlovwgR1eleSXwiXPhxV+1FnUyU="></latexit><latexit sha1_base64="dlovwgR1eleSXwiXPhxV+1FnUyU="></latexit><latexit sha1_base64="dlovwgR1eleSXwiXPhxV+1FnUyU="></latexit><latexit sha1_base64="dlovwgR1eleSXwiXPhxV+1FnUyU="></latexit>

rvalue rvalue
74



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

Before

class Vector {
public:

double operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit><latexit sha1_base64="nB1wRdmG1eYOk1HhQdwnCrUGcFM="></latexit>
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After

class Vector {
public:

double& operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit>
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class Vector {
public:

double& operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit>

What Should operator() return?

When we create 
(“instantiate”) an object, 
its member data live as 
long as the object does

So a reference to 
member data is not to 
something temporary

Return a reference to 
internal member data

Vector x(5);
<latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit><latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit><latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit><latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit>
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class Vector {
public:

double& operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit><latexit sha1_base64="yMxJFo5Ulu8ePelA7RazgNMz01w="></latexit>

What Should operator() return?
Return a reference to 
internal member data

Vector x(5);
<latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit><latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit><latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit><latexit sha1_base64="NPDP//sVLIhixZD8gNMKYqyCtKQ="></latexit>

Vector x(5);

double foo = x(3);
x(2) = 0.0;

<latexit sha1_base64="/qxUfouGr/5lcvJi+Xlik4rEE14="></latexit><latexit sha1_base64="/qxUfouGr/5lcvJi+Xlik4rEE14="></latexit><latexit sha1_base64="/qxUfouGr/5lcvJi+Xlik4rEE14="></latexit><latexit sha1_base64="/qxUfouGr/5lcvJi+Xlik4rEE14="></latexit>

Can assign to internal 
data through the 

reference

Can read from internal 
data through the 

reference
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Interface and Implementation
#include <vector>

class Vector {
public:

double& operator()(size_t i);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="3T9RHNzs+8szS/NRZOgFxYIdX+Y="></latexit><latexit sha1_base64="3T9RHNzs+8szS/NRZOgFxYIdX+Y="></latexit><latexit sha1_base64="3T9RHNzs+8szS/NRZOgFxYIdX+Y="></latexit><latexit sha1_base64="3T9RHNzs+8szS/NRZOgFxYIdX+Y="></latexit>

Vector.hpp

#include "Vector.hpp"

double& Vector::operator()(size_t i) {
return storage_[i];

}
<latexit sha1_base64="9eo7Na3qRaIiarhpfit1y6oHRcU="></latexit><latexit sha1_base64="9eo7Na3qRaIiarhpfit1y6oHRcU="></latexit><latexit sha1_base64="9eo7Na3qRaIiarhpfit1y6oHRcU="></latexit><latexit sha1_base64="9eo7Na3qRaIiarhpfit1y6oHRcU="></latexit>

Vector.cpp
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#include <vector>

class Vector {
public:

double& operator()(size_t i) {
return storage_[i];

}

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="/M+Z1i52+vxNRsK1sMz5hkZtYpo="></latexit><latexit sha1_base64="/M+Z1i52+vxNRsK1sMz5hkZtYpo="></latexit><latexit sha1_base64="/M+Z1i52+vxNRsK1sMz5hkZtYpo="></latexit><latexit sha1_base64="/M+Z1i52+vxNRsK1sMz5hkZtYpo="></latexit>

Interface and Implementation
Vector.hpp

80



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit>

All Together
Vector.hpp
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Reprise operator+()

#include <vector>

class Vector {
public:

Vector operator+(const Vector& y);

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit><latexit sha1_base64="F6tiCYhgW1QMOitZPqHr7ojb3SU="></latexit>
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Reprise operator+()
#include <vector>

class Vector {
public:

Vector operator+(const Vector& y) {
Vector z(num_rows_);
for (size_t i = 0; i < num_rows_; ++i) {

z.storage_[i] = storage_[i] + y.storage[i];
}

}

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="iWinlGvYf6AUiDW/G1buWeXw4dA="></latexit><latexit sha1_base64="iWinlGvYf6AUiDW/G1buWeXw4dA="></latexit><latexit sha1_base64="iWinlGvYf6AUiDW/G1buWeXw4dA="></latexit><latexit sha1_base64="iWinlGvYf6AUiDW/G1buWeXw4dA="></latexit>

Data for z

Data for “x” Data for y

Does this need to 
be a member?

C.4: Make a function a member only if it needs 
direct access to the representation of a class
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#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit>

All Together
Vector.hpp

#include "Vector.hpp"

Vector operator+(const Vector& x, const Vector& y) {
Vector z(x.num_rows());
for (size_t i = 0; i < z.num_rows(); ++i) {
z(i) = x(i) + y(i);

}
}

<latexit sha1_base64="+ACFr+YPbCtWH9e2N0uHCJpWFY0="></latexit><latexit sha1_base64="+ACFr+YPbCtWH9e2N0uHCJpWFY0="></latexit><latexit sha1_base64="+ACFr+YPbCtWH9e2N0uHCJpWFY0="></latexit><latexit sha1_base64="+ACFr+YPbCtWH9e2N0uHCJpWFY0="></latexit>

Can access via 
operator()

Don’t need access 
to internals

Return a Vector

Take args by 
const reference Nicely symmetric

Amath583.cpp
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#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit>

All Together
Vector.hpp

#include "Vector.hpp"

Vector operator+(const Vector& x, const Vector& y);
<latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit>

Amath583.hpp

#include "Vector.hpp"
#include "amath583.hpp"

Vector operator+(const Vector& x, const Vector& y) {
Vector z(x.num_rows());
for (size_t i = 0; i < z.num_rows(); ++i) {
z(i) = x(i) + y(i);

}
}

<latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit>

Amath583.cpp
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#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit>

All Together
Vector.hpp

#include "Vector.hpp"

Vector operator+(const Vector& x, const Vector& y);
<latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit>

Amath583.hpp

#include "Vector.hpp"
#include "amath583.hpp"

Vector operator+(const Vector& x, const Vector& y) {
Vector z(x.num_rows());
for (size_t i = 0; i < z.num_rows(); ++i) {
z(i) = x(i) + y(i);

}
}

<latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit>

Amath583.cpp
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Not quite finished
#include "Vector.hpp"

int main() {

Vector x(100), y(100), z(100), w(100);

z = x + y;

return 0;
}

<latexit sha1_base64="VsIyrTE2WE63ylRCFifpPEPO8j8="></latexit><latexit sha1_base64="VsIyrTE2WE63ylRCFifpPEPO8j8="></latexit><latexit sha1_base64="VsIyrTE2WE63ylRCFifpPEPO8j8="></latexit><latexit sha1_base64="VsIyrTE2WE63ylRCFifpPEPO8j8="></latexit>
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#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

size_t num_rows() const { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit><latexit sha1_base64="hBGiYhDyImgcmsrcvl6DdJgXVLc="></latexit>

Constness
Vector.hpp

#include "Vector.hpp"

Vector operator+(const Vector& x, const Vector& y);
<latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit><latexit sha1_base64="cgiidiIRTDPnAA9u+RiPSJobGbk="></latexit>

Amath583.hpp

#include "Vector.hpp"
#include "amath583.hpp"

Vector operator+(const Vector& x, const Vector& y) {
Vector z(x.num_rows());
for (size_t i = 0; i < z.num_rows(); ++i) {
z(i) = x(i) + y(i);

}
}

<latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit><latexit sha1_base64="IF5kShJu/p/u9otHiBrlWCWWDO4="></latexit>

Amath583.cpp

x and y are defined 
to be const

“this” is not const
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Overloading
void foo(size_t i) {

std::cout << "foo(size_t i)" << std::endl;
}

void foo(double d) {
std::cout << "foo(double d)" << std::endl;

}
<latexit sha1_base64="0v2FKPUTN7SDdlEJOzua4w7i9EA="></latexit><latexit sha1_base64="0v2FKPUTN7SDdlEJOzua4w7i9EA="></latexit><latexit sha1_base64="0v2FKPUTN7SDdlEJOzua4w7i9EA="></latexit><latexit sha1_base64="0v2FKPUTN7SDdlEJOzua4w7i9EA="></latexit>

int main() {

size_t a = 0;
double b = 0.0;

foo(a);
foo(b);

return 0;
}

<latexit sha1_base64="n9tBQP7iRHSQGF+A/ZscUVukwnE="></latexit><latexit sha1_base64="n9tBQP7iRHSQGF+A/ZscUVukwnE="></latexit><latexit sha1_base64="n9tBQP7iRHSQGF+A/ZscUVukwnE="></latexit><latexit sha1_base64="n9tBQP7iRHSQGF+A/ZscUVukwnE="></latexit>

Takes a size_t

Takes a double
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int main() {

size_t a = 0;
size_t b = 0;

foo(a);
double c = foo(a);

return 0;
}

<latexit sha1_base64="p+7gov6bZFIRyZwQYj67put8D2o="></latexit><latexit sha1_base64="p+7gov6bZFIRyZwQYj67put8D2o="></latexit><latexit sha1_base64="p+7gov6bZFIRyZwQYj67put8D2o="></latexit><latexit sha1_base64="p+7gov6bZFIRyZwQYj67put8D2o="></latexit>

void foo(size_t i) {
std::cout << "void foo(size_t i)" << std::endl;

}

size_t foo(size_t i) {
std::cout << "size_t foo(size_t i)" << std::endl;

}
<latexit sha1_base64="rC+QRxASbIuRsC6zbOIdWm/F4xk="></latexit><latexit sha1_base64="rC+QRxASbIuRsC6zbOIdWm/F4xk="></latexit><latexit sha1_base64="rC+QRxASbIuRsC6zbOIdWm/F4xk="></latexit><latexit sha1_base64="rC+QRxASbIuRsC6zbOIdWm/F4xk="></latexit>

Overloading
Returns void

Returns size_t

Have to pick the 
function then call it
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No overloading on return values
size_t foo(size_t i) {

std::cout << "size_t foo(size_t i)" << std::endl;

return i;
}

int main() {

size_t a = 0;

foo(a);
size_t b = foo(a);
double c = foo(a);

return 0;
}

<latexit sha1_base64="T1Ijx79P074hHTmCyj8fCOSk+3w="></latexit><latexit sha1_base64="T1Ijx79P074hHTmCyj8fCOSk+3w="></latexit><latexit sha1_base64="T1Ijx79P074hHTmCyj8fCOSk+3w="></latexit><latexit sha1_base64="T1Ijx79P074hHTmCyj8fCOSk+3w="></latexit>

Ignore return value

Assign to size_t

Assign to double

What happens to the 
return value is not the 

concern of the function 
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int main() {

double x = 5.0;
double y = parens(x);

const double z = 5.0;
double w = parens(z);

double a = parens(5.0);
double b = parens(x + y);

const double c = parens(x + y + z + 5.0);

return 0;
}

<latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit>

double parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return y;

}
<latexit sha1_base64="A2o1EygvNbqWmgfQuYmithCk0EQ="></latexit><latexit sha1_base64="A2o1EygvNbqWmgfQuYmithCk0EQ="></latexit><latexit sha1_base64="A2o1EygvNbqWmgfQuYmithCk0EQ="></latexit><latexit sha1_base64="A2o1EygvNbqWmgfQuYmithCk0EQ="></latexit>

Constness x is a ref

okay

Not okay

Not okay

Not okay
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double parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return y;

}
<latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit><latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit><latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit><latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit>

int main() {

double x = 5.0;
double y = parens(x);

const double z = 5.0;
double w = parens(z);

double a = parens(5.0);
double b = parens(x + y);

const double c = parens(x + y + z + 5.0);

return 0;
}

<latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit>

Constness x is a const ref

okay

okay

okay

okay
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double parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return y;

}
<latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit><latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit><latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit><latexit sha1_base64="z0n57q7H6GErssJs9P4onB8jQYI="></latexit>

int main() {

double x = 5.0;
double y = parens(x);

const double z = 5.0;
double w = parens(z);

double a = parens(5.0);
double b = parens(x + y);

const double c = parens(x + y + z + 5.0);

return 0;
}

<latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit><latexit sha1_base64="mhAztH0t3HFYEOLtAtbFltQVoW4="></latexit>

Constness

x is lvalue

z marked const

5.0 is an 
rvalue

x + y is an rvalue

double parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return y;

}
<latexit sha1_base64="SrIaxH89Y4FrKkSwOzQpR5THpdg="></latexit><latexit sha1_base64="SrIaxH89Y4FrKkSwOzQpR5THpdg="></latexit><latexit sha1_base64="SrIaxH89Y4FrKkSwOzQpR5THpdg="></latexit><latexit sha1_base64="SrIaxH89Y4FrKkSwOzQpR5THpdg="></latexit>

x is a const ref x is a ref
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Why not always pass const reference?
double parens(const double& x, size_t i) {

std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit><latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit><latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit><latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit>

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
parens(z, 27) = p;

parens(5.0, 27) = p;
parens(x + y, 27) = p;

return 0;
}

<latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit>

Return double

95



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

Before

double parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit><latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit><latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit><latexit sha1_base64="rpG+cojydhj4IM3OqPSo4IbGoM4="></latexit>
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After

double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit>
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double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit>

Why not always pass const reference?

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
parens(z, 27) = p;

parens(5.0, 27) = p;
parens(x + y, 27) = p;

return 0;
}

<latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit>

Return ref to double

But x is const

Can’t return const
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Before

double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit>
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After

const double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit><latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit><latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit><latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit>
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const double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit><latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit><latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit><latexit sha1_base64="Dey9crpYIiM0DBntw/TDVKBdT8Q="></latexit>

Why not always pass const reference?

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
parens(z, 27) = p;

parens(5.0, 27) = p;
parens(x + y, 27) = p;

return 0;
}

<latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit>
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Before

double& parens(const double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit><latexit sha1_base64="L8S7A1eVyLPEjyKBwhC+RoF4Xo0="></latexit>
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After

double& parens(double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit><latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit><latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit><latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit>
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How about no const at all?

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
parens(z, 27) = p;

parens(5.0, 27) = p;
parens(x + y, 27) = p;

return 0;
}

<latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit><latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit><latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit><latexit sha1_base64="mednoWk3G1h+NSqymE/Wr45rt7s="></latexit>
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How about no const at all?
int main() {

double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
parens(z, 27) = p;

parens(5.0, 27) = p;
parens(x + y, 27) = p;

return 0;
}

<latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit><latexit sha1_base64="kUUJ/HehvPLk1huaiRPJKiFCQ4Y="></latexit>

This makes sense

This should be an error

This should be an error

This should be an error
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More sensible
int main() {

double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
double q = parens(z, 27);

double r = parens(5.0, 27);
double s = parens(x + y, 27);

return 0;
}

<latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit>

This makes sense

This makes sense

This makes sense

This makes sense
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More sensible

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
double q = parens(z, 27);

double r = parens(5.0, 27);
double s = parens(x + y, 27);

return 0;
}

<latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit>

Oops, need to be const

Going in circles?
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More sensible

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
double q = parens(z, 27);

double r = parens(5.0, 27);
double s = parens(x + y, 27);

return 0;
}

<latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit>

Oops, need to be non  const

Going in circles?

const double& parens(const double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit>
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Overloading to the rescue

int main() {
double y = 0.5;
double p = 3.14;

double x = 5.0;
parens(x, 27) = p;

const double z = 5.0;
double q = parens(z, 27);

double r = parens(5.0, 27);
double s = parens(x + y, 27);

return 0;
}

<latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit><latexit sha1_base64="PP9ezykJtpFul9Rl0ZI188ugivo="></latexit>

const double& parens(const double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit>

const

const

Not const

Not const

109



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="uzLrzMu5rjLMYtIHVDGrE3JCMvk="></latexit><latexit sha1_base64="uzLrzMu5rjLMYtIHVDGrE3JCMvk="></latexit><latexit sha1_base64="uzLrzMu5rjLMYtIHVDGrE3JCMvk="></latexit><latexit sha1_base64="uzLrzMu5rjLMYtIHVDGrE3JCMvk="></latexit>

What does this have to do with operator()
const double& parens(const double& x, size_t i) {

std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit>

const

const

Not const

Not const

Where is the const or non-
const thing to overload on?
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class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }
const double& operator()(size_t i) { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit><latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit><latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit><latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit>

What does this have to do with operator()
const double& parens(const double& x, size_t i) {

std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit>

const

const

Not const

Not const

Where is the const or non-
const thing to overload on?Only differing by 

return type
111



AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

AMATH 483/583 High-Performance Scientific Computing Spring 2019 
University of Washington by Andrew Lumsdaine

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }
const double& operator()(size_t i) { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit><latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit><latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit><latexit sha1_base64="0VtzOS/N+KcfaVAZwGGycML6ycM="></latexit>

There is a secret argument
const double& parens(const double& x, size_t i) {

std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit>

const

const

Not const

Not const

There is a secret 
argument 

There is a secret 
argument 

Called “this”
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class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(Vector *this, size_t i) { return storage_[i]; }
const double& operator()(Vector *this, size_t i) { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit><latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit><latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit><latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit>

There is a secret argument
const double& parens(const double& x, size_t i) {

std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit><latexit sha1_base64="LUANL+yatnyzepViaTs/gfAnDeg="></latexit>

double& parens(double& x, size_t i) {
std::cout << "called non const parens" << std::endl;
double y = x;
// .. some things
return x;

}
<latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit><latexit sha1_base64="rNVIQwerMOyNHviMyTBXzkpzbGA="></latexit>

const

const

Not const

Not const

How would we fix our 
const problem?
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Before

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(Vector *this, size_t i) { return storage_[i]; }
const double& operator()(Vector *this, size_t i) { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit><latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit><latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit><latexit sha1_base64="3yJTYQSoQMZ6uG9fCSABTu10xek="></latexit>
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After

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(Vector *this, size_t i) { return storage_[i]; }
const double& operator()(const Vector *this, size_t i) { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="zA9z0NomV2TibFubF4/hJ8bkrD0="></latexit><latexit sha1_base64="zA9z0NomV2TibFubF4/hJ8bkrD0="></latexit><latexit sha1_base64="zA9z0NomV2TibFubF4/hJ8bkrD0="></latexit><latexit sha1_base64="zA9z0NomV2TibFubF4/hJ8bkrD0="></latexit>
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class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }
const double& operator()(size_t i) const { return storage_[i]; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="m+qpf69bh3qRZTnIQnBpp3W/i1I="></latexit><latexit sha1_base64="m+qpf69bh3qRZTnIQnBpp3W/i1I="></latexit><latexit sha1_base64="m+qpf69bh3qRZTnIQnBpp3W/i1I="></latexit><latexit sha1_base64="m+qpf69bh3qRZTnIQnBpp3W/i1I="></latexit>

After After

const “this”
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Finally
#include <vector>

class Vector {
public:

Vector(size_t M) : num_rows_(M), storage_(num_rows_) {}

double& operator()(size_t i) { return storage_[i]; }
const double& operator()(size_t i) const { return storage_[i]; }

size_t num_rows() { return num_rows_; }

private:
size_t num_rows_;
std::vector<double> storage_;

};
<latexit sha1_base64="SdXI9XDy6JCDrmebKMYlpmpqLUQ="></latexit><latexit sha1_base64="SdXI9XDy6JCDrmebKMYlpmpqLUQ="></latexit><latexit sha1_base64="SdXI9XDy6JCDrmebKMYlpmpqLUQ="></latexit><latexit sha1_base64="SdXI9XDy6JCDrmebKMYlpmpqLUQ="></latexit>
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C++ Core Guidelines related to classes
• C.1: Organize related data into structures (structs or classes)
• C.3: Represent the distinction between an interface and an 

implementation using a class
• C.4: Make a function a member only if it needs direct access to the 

representation of a class
• C.10: Prefer concrete types over class hierarchies
• C.11: Make concrete types regular

http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines118

http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
http://isocpp.github.io/CppCoreGuidelines/CppCoreGuidelines
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Thank you!
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